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 A B S T R A C T

We consider a model for the spread of bovine tuberculosis in herds comprising three species (bovids, caprids 
and equids) in Chad. The epidemiological model is built on top of a classic Lotka–Volterra competition model, 
which is exploited in a regime where stable coexistence of the three species holds. The epidemiological 
model itself is an SLI model, because of the absence of treatment for herds in the area. After studying some 
mathematical properties of the model, we perform a short computational analysis, investigating sensitivity of 
the model and comparing solutions with and without competition. To gain more understanding on the timing 
of events, we also consider the continuous time Markov chain analogue of the model.
1. Introduction

Located in the heart of the African continent, Chad is a landlocked 
country with a surface area of 1,284,000 square kilometres. The coun-
try has an intertropical climate subdivided into three major climatic 
zones: the Sudanian zone in the south, the Sahelian zone in the centre 
and the desert zone in the north. As a developing country, Chad’s 
economy is mainly based on agriculture, livestock farming, fishing, 
gathering, trade and oil and mineral resources.

Due to its geographic location, Chad has a vast territory untouched 
by the tsetse fly, making it an excellent livestock country. It is estimated 
that in 2019, livestock production was of more than 120 million 
animals (32% goats, 29% sheep, 26% cattle and the remaining 13% 
split between camels, donkeys, horses and pigs) [1]. Over 40% of the 
population depends on livestock [2]. These figures make Chad one of 
the major livestock countries in Africa and animal husbandry a crucial 
sector of the national economy contributing to 40% of the national GDP 
and playing a major role in food supply [3]. The vastness of Chad’s 
territory and the climatic hazards it faces means that livestock farming 
in Chad relies on pastoral nomadism, which concerns 90% of Chadian 
livestock [2]. Inter-seasonal transhumance and the mobility of livestock 
in search of pasture and water points can affect both animal health and 
that of the herders. This has been further influenced in recent years by 
climate change [4].

However, Chad is also a low-income country to use the World Bank 
classification or a least-developed country to use the United Nations 
classification. Its gross national income (GNI) per capita is estimated 
by the World Bank to be 670 USD, the 11th lowest in the world. 
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The country’s gross domestic product (GDP) was 13.15 billion USD 
in 2023, roughly comparable to that of the metropolitan area of the 
German city of Pforzheim despite a population almost 100 times larger. 
When considering poor countries, it is important to remember that 
while the cost of labour roughly scales to per capita GDP, the price 
of imported goods is essentially the same as it is the world over since 
prices are set by the exporters. As a consequence, public health and 
animal health control organisms are poorly equipped, meaning that 
disease surveillance and control lag behind the standards in place in 
richer countries.

Despite limitations in its capacity, in 2020 the epidemiological 
surveillance network for animal diseases in Chad (REPIMAT), through 
the Ministry of Livestock and Animal Production, was monitoring fif-
teen diseases, including four zoonotic diseases: Bacterial Anthrax, Rift 
Valley Fever, rabies and bovine Tuberculosis, the focus of the present 
work. In Chad, bovine tuberculosis is present in livestock, including 
cattle, sheep, goats, pigs, equids and camelids. Numerous studies con-
ducted across the country have shown that Chad is severely affected 
by bovine tuberculosis; for instance, out of a sample of 729 animals, 
bovine tuberculosis accounted for 14% [5]. Similarly, research con-
ducted in some cities in Chad in 2013 showed that in slaughterhouses, 
there were 332 carcasses of suspected bovine tuberculosis in cattle and 
5 carcasses in goats [6]. These various studies lead to estimates of 
the actual infection rate due to bovine tuberculosis of 12.5% among 
animals in Chad [6].

Bovine tuberculosis (bTB) is a chronic bacterial disease caused by 
members of the Mycobacterium tuberculosis (M. bovis) complex and exists 
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in both domestic and non-domestic animals. Many mathematical mod-
els have been formulated to study the dynamics of bovine tuberculosis 
in wild animal populations such as buffaloes [7], badgers [8,9], pos-
sums [10] and domestic animal populations such as cattle [7,11–15]. 
However, most of the models cited here use stochastic or agent-based 
approaches and almost none investigate the transmission of tuber-
culosis in mixed herds. Competition models with an epidemiological 
component have also been considered; see, e.g., [16,17]. However, they 
focus on problems such as pathogen-mediated species coexistence.

Our work aims to improve the understanding of the transmission of 
bovine tuberculosis infection in places where nomadic managed mixed 
herds are the most prevalent. On the demographical side, management 
of herds changes the dynamics quite a lot, since a lot of inflow into 
and outflow from the herd is due to purchase or sale of animals, 
not only from natural birth and death processes. Also, even in a 
managed herd, the scarcity of environmental and financial resources 
makes competitive pressure within and between species a relevant 
issue. We however assume that species coexistence holds. Indeed, in 
managed herds, the population and its composition is roughly constant, 
with animals being purchased to replace those who leave the herd 
for any reason. Extending to the epidemiological context, the question 
underlying the work concerns whether the situation is made better 
or worse because of the presence of several species, each of which 
can serve as a reservoir of the disease, as well as by the presence of 
competition, which could cause shorter survival times for infectious 
animals.

In order to consider these issues, we formulate in Section 2 a 
mathematical model for the transmission of bovine tuberculosis in-
fection in a managed mixed herd subject to intra– and interspecific 
competition. We analyse the model mathematically in Section 3. In 
Section 4, we make computational considerations about the model, 
including using a continuous-time Markov chain analogue to check 
the demographic dynamics and gain a bit more understanding of the 
transmission process. A Discussion concludes the work.

2. The mathematical model

We consider a model of bovine tuberculosis (bTB) transmission for 
a farming system comprising bovids, caprids and equids. The three 
species picked here are representative of herds in the northern Souda-
nian and Sahelian regions of Chad. Other combinations would have 
been possible, with for instance camelids replacing equids in the more 
arid regions in the north of the country [18] or ovines (sheep) replacing 
bovids in the south. When camelids are present, herd composition 
with camelids instead of equines is similar to that used here [18]. 
Also, note that bovids are more varied than what is observed in richer 
countries; they comprise 4 major species in Chad. Note also that we 
group together horses and donkeys under the name equids. Some herds 
in Chad comprise more species; others comprise fewer, although single-
species herds are much less frequent than they are in richer countries. 
Altogether, herd composition could differ from the one here: there is 
much more variety in herds in Chad than there is in the ‘‘rationalised’’ 
herds of rich countries, probably because having a varied herd allows 
to edge one’s bets in the face of uncertain and difficult conditions.

Whatever the species composing the herd, they are in competition 
for grazing pastures and water sources, therefore the model incorpo-
rates competition. However, the species are managed by the nomadic 
herding group, who generally ensures their herd comprises the desired 
number of heads of the species they tend to. Animals are bought to 
achieve this. Animals are also sold as part of the normal activity of 
the herders. Finally, all the species considered here as well as potential 
substitutes (camelids, ovines) are subject to infection by bTB [5,19].

In the following, we start by formulating the model for demography 
in the absence of disease, then add on the disease component.
2 
2.1. The underlying competition model

Denote 𝑁𝑏(𝑡), 𝑁𝑐 (𝑡) and 𝑁𝑒(𝑡) the total bovid, caprid and equid 
populations, respectively. In the remainder of the text, time dependence 
of the state variables is omitted if it does not lead to confusion, so the 
variables above are written 𝑁𝑏, 𝑁𝑐 and 𝑁𝑒.

In the absence of disease, we assume that the dynamics of the three 
interacting species is governed by a classic Lotka–Volterra competition 
model of the form 
𝑑
𝑑𝑡

𝑁𝑏 = (𝑟𝑏 − 𝑑𝑏)𝑁𝑏 − (𝑑𝑏𝑏𝑁𝑏 + 𝑑𝑏𝑐𝑁𝑐 + 𝑑𝑏𝑒𝑁𝑒)𝑁𝑏 (2.1a)
𝑑
𝑑𝑡

𝑁𝑐 = (𝑟𝑐 − 𝑑𝑐 )𝑁𝑐 − (𝑑𝑐𝑏𝑁𝑏 + 𝑑𝑐𝑐𝑁𝑐 + 𝑑𝑐𝑒𝑁𝑒)𝑁𝑐 (2.1b)
𝑑
𝑑𝑡

𝑁𝑒 = (𝑟𝑒 − 𝑑𝑒)𝑁𝑒 − (𝑑𝑒𝑏𝑁𝑏 + 𝑑𝑒𝑐𝑁𝑐 + 𝑑𝑒𝑒𝑁𝑒)𝑁𝑒, (2.1c)

where, for species 𝑥 ∈ {𝑏, 𝑐, 𝑒}, 𝑟𝑥 is the per capita recruitment rate, 
𝑑𝑥 is the per capita natural death rate and 𝑑𝑥𝑦 is the rate of death 
of individuals in species 𝑥 because of competitive interactions with 
individuals from species 𝑦 ∈ {𝑏, 𝑐, 𝑒}. It is always assumed that 𝑟𝑥−𝑑𝑥 >
0. We denote 𝑵 = (𝑁𝑏, 𝑁𝑐 , 𝑁𝑒) the distribution of individuals of the 
different species in the herd.

Note that in a managed herd, recruitment incorporates birth of 
individuals as well as acquisition of new individuals to replace the 
ones sold (e.g., for meat) or having died. Similarly, death incorporates 
‘‘regular deaths’’ (whether natural or because of competition) as well 
as sales of individuals. To simplify the discourse, unless specifically 
required, we refer to entries into the model as recruitment and all 
causes of leaving the herd as removal. We will then distinguish between 
removals because of natural death or sales and because of (intra- or 
inter-specific) competition.

Remark also that we allow that 𝑑𝑥𝑦 ≠ 𝑑𝑦𝑥. This is because although 
the number of contacts happening per unit time between two species 
is symmetric, the resulting effect on both species might differ.

2.2. The epidemiological model with competition

To describe the progression of bTB, we subdivide compartments 𝑁𝑏, 
𝑁𝑐 and 𝑁𝑒 of individuals in each species into compartments describing 
the disease status of individuals, while ensuring that the total popula-
tion in each species is, roughly, governed by (2.1). For a given species 
𝑥 ∈ {𝑏, 𝑐, 𝑒}, we consider the numbers 𝑆𝑥, 𝐿𝑥 and 𝐼𝑥 of individuals sus-
ceptible to, infected with but incubating and infectious with the disease, 
respectively. We do not consider treatment and therefore recovery of 
infectious individuals: recommendations in most countries (including 
Chad) is for animals in which bTB is detected to be culled. Also, the 
literature indicates that infectious individuals rarely show symptoms 
until they die from the disease or are detected. As a consequence, we 
do not consider a recovered compartment 𝑅𝑥.

Let us now explain the assumptions made regarding transitions 
into or out from the different compartments. First of all, we denote 
𝑆𝑥 the number of individuals of species 𝑥 susceptible to infection 
by bovine tuberculosis. In the absence of disease, this compartment 
would correspond to the compartment 𝑁𝑥 in the competition model 
(2.1). Recruitment is into this compartment exclusively at the same 
recruitment rate 𝑟𝑥 as used in (2.1). Although vertical transmission 
of bTB does occur, we neglect it because it is very rare: in [19], it 
is noted that only 1% of calves born from tuberculous cows were 
congenitally affected at a time when bTB was highly prevalent. Also, 
recruitment accounts for both birth and purchase of animals, so that 
only a fraction of recruitments are ‘‘real’’ births. Similarly, we assume 
that infected individuals contribute to the overall birth rate. Indeed, 
as noted already, infectious individuals rarely show symptoms. This is 
further confirmed implicitly by the statement above that most births 
from infected cows did not lead to vertical transmission. It could be that 
some of the animals purchased into the herd are infected. We assume 
that this is not the case. From an analysis point of view, allowing an 
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Fig. 1. Flow diagram of model (2.2). Death rates due to competition are not shown.

inflow of infected individuals radically changes the dynamics, given 
that such models do not have disease-free equilibria; see, e.g., [20]. 
While it is desirable to further explore this type of dynamics, we do 
not do so here. From a modelling point of view, this assumption can be 
justified by the fact that at the moment of a sale, the health of animals 
is checked.

Transmission happens within and between species, when a sus-
ceptible individual in compartment 𝑆𝑥 encounters an individual in 
compartment 𝐼𝑦 infectious with the disease, where 𝑥, 𝑦 ∈ {𝑏, 𝑐, 𝑒} may 
be equal. We denote 𝛽𝑥𝑦 the rate of transmission of bTB to a susceptible 
in species 𝑥 from an infectious in species 𝑦. There are many routes 
of transmission of bTB, both between and within species: excreta, 
feeding troughs, soil and silage, herbage, drinking water, etc [19]. 
This means in particular that direct cross-species transmission between 
species that show some aversion or hostility is possible through indirect 
methods. We group all transmission methods together: our focus is not 
in identifying, for instance, which infection pathway to target in an 
intervention.

The incubation period of bovine tuberculosis after contamination 
lasts several months or more [21], so taking this period into account 
is important. Because clinical symptoms manifest late, if at all, we 
assume that the latency period is equal to the incubation period. We 
denote 𝐿𝑥 the number of individuals in this incubation period. Upon 
infection, susceptible individuals thus transition from 𝑆𝑥 to 𝐿𝑥. They 
spend an (exponentially distributed) mean time 1∕𝜀𝑥 time units in that 
compartment before their incubation period ends and they progress to 
the infectious compartment. In the infectious compartment, individuals 
are subject to disease-induced death, which occurs at the per capita rate 
𝛿𝑥. Note that this rate also encodes culling, which is the recommended 
‘‘treatment’’ mechanism [22]. However, we do not distinguish between 
disease-induced death and culling as very little data is available on the 
subject in Chad.

Let us now consider removal terms. Individuals in all compartments 
are subject to removal because of natural death and sale at the rate 𝑑𝑥. 
We use the same notation as in (2.1): 𝑑𝑥𝑦 is the death rate of individuals 
of species 𝑥 because of competition with individuals of species 𝑦.

The model has the flow diagram shown Fig.  1 and takes the form 
𝑑𝑆𝑏
𝑑𝑡

= 𝑟𝑏𝑁𝑏 − (𝜆𝑏 + 𝑑𝑏)𝑆𝑏 − (𝑑𝑏𝑏𝑁𝑏 + 𝑑𝑏𝑐𝑁𝑐 + 𝑑𝑏𝑒𝑁𝑒)𝑆𝑏 (2.2a)
𝑑𝐿𝑏
𝑑𝑡

= 𝜆𝑏𝑆𝑏 − (𝜀𝑏 + 𝑑𝑏)𝐿𝑏 − (𝑑𝑏𝑏𝑁𝑏 + 𝑑𝑏𝑐𝑁𝑐 + 𝑑𝑏𝑒𝑁𝑒)𝐿𝑏 (2.2b)
𝑑𝐼𝑏
𝑑𝑡

= 𝜀𝑏𝐿𝑏 − (𝛿𝑏 + 𝑑𝑏)𝐼𝑏 − (𝑑𝑏𝑏𝑁𝑏 + 𝑑𝑏𝑐𝑁𝑐 + 𝑑𝑏𝑒𝑁𝑒)𝐼𝑏 (2.2c)
𝑑𝑆𝑐
𝑑𝑡

= 𝑟𝑐𝑁𝑐 − (𝜆𝑐 + 𝑑𝑐 )𝑆𝑐 − (𝑑𝑐𝑏𝑁𝑏 + 𝑑𝑐𝑐𝑁𝑐 + 𝑑𝑐𝑒𝑁𝑒)𝑆𝑐 (2.2d)
𝑑𝐿𝑐 = 𝜆 𝑆 − (𝜀 + 𝑑 )𝐿 − (𝑑 𝑁 + 𝑑 𝑁 + 𝑑 𝑁 )𝐿 (2.2e)

𝑑𝑡 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐𝑏 𝑏 𝑐𝑐 𝑐 𝑐𝑒 𝑒 𝑐

3 
𝑑𝐼𝑐
𝑑𝑡

= 𝜀𝑐𝐿𝑐 − (𝛿𝑐 + 𝑑𝑐 )𝐼𝑐 − (𝑑𝑐𝑏𝑁𝑏 + 𝑑𝑐𝑐𝑁𝑐 + 𝑑𝑐𝑒𝑁𝑒)𝐼𝑐 (2.2f)
𝑑𝑆𝑒
𝑑𝑡

= 𝑟𝑒𝑁𝑒 − (𝜆𝑒 + 𝑑𝑒)𝑆𝑒 − (𝑑𝑒𝑏𝑁𝑏 + 𝑑𝑒𝑐𝑁𝑐 + 𝑑𝑒𝑒𝑁𝑒)𝑆𝑒 (2.2g)
𝑑𝐿𝑒
𝑑𝑡

= 𝜆𝑒𝑆𝑒 − (𝜀𝑒 + 𝑑𝑒)𝐿𝑒 − (𝑑𝑒𝑏𝑁𝑏 + 𝑑𝑒𝑐𝑁𝑐 + 𝑑𝑒𝑒𝑁𝑒)𝐿𝑒 (2.2h)
𝑑𝐼𝑒
𝑑𝑡

= 𝜀𝑒𝐿𝑒 − (𝛿𝑒 + 𝑑𝑒)𝐼𝑒 − (𝑑𝑒𝑏𝑁𝑏 + 𝑑𝑒𝑐𝑁𝑐 + 𝑑𝑒𝑒𝑁𝑒)𝐼𝑒, (2.2i)

where, for species 𝑥 ∈ {𝑏, 𝑐, 𝑒}, 𝑁𝑥 = 𝑆𝑥+𝐿𝑥+𝐼𝑥 is the total population 
of the species and 
𝜆𝑥 = 𝛽𝑥𝑏𝐼𝑏 + 𝛽𝑥𝑐𝐼𝑐 + 𝛽𝑥𝑒𝐼𝑒 (2.3)

is the force of infection acting on susceptibles from species 𝑥.
For convenience, in the sequel, for 𝑡 ≥ 0, we denote 

𝐗(𝑡) = (𝑆𝑏(𝑡), 𝑆𝑐 (𝑡), 𝑆𝑒(𝑡), 𝐿𝑏(𝑡), 𝐿𝑐 (𝑡), 𝐿𝑒(𝑡), 𝐼𝑏(𝑡), 𝐼𝑐 (𝑡), 𝐼𝑒(𝑡))𝑇 (2.4)

the vector of state variables, in which variables are ordered first by 
disease status, then by species. System (2.2) is considered together with 
the initial condition 
𝐗(0) ≥ 𝟎. (2.5)

3. Mathematical analysis of the model

We first recall in Section 3.1 a result obtained in [23] that es-
tablishes conditions under which (2.1) converges to a coexistence 
equilibrium. We then consider in Section 3.2 the model in which 
species do not interact, allowing the derivation of a species-specific 
basic reproduction number. Assuming that conditions for the stable 
coexistence of the three species are satisfied, we then consider the full 
epidemiological model (2.2) in Section 3.3.

3.1. The underlying competition model (2.1)

The three-dimensional Lotka–Volterra competition system (2.1) has 
been investigated mathematically for years; see for instance [24] for 
a brief review. In short, in the three-dimensional case, it is known 
since [25] that all nontrivial trajectories of (2.1) approach a Lipchitz 
two-dimensional manifold-with-corner 𝛴 homeomorphic to the stan-
dard simplex in R3

+, which [25] called the ‘‘carrying simplex’’. Building 
on this, [26] showed that there are 33 equivalence classes as to the 
dynamics of the system, with most 27 having solutions converging to 
equilibrium points, while the remaining can show limit cycles. Most 
of mathematical work that followed has focused on limit cycles; for 
examples, besides the works already cited see, e.g., [27–29].

We are interested here in a ‘‘simpler’’ coexistence situation, since 
in practice, in a managed herd the three species are present at rela-
tively constant levels. Oscillatory coexistence could be a viable option, 
but this would greatly complicate the mathematical analysis of the 
epidemiological model. Also, because the situation is managed, one 
does not observe great variations in abundances: animals that die 
because of competition for resources are replaced by the herders in 
order to maintain a relatively stable herd size and composition. This 
suggests that a non-oscillatory coexistence situation is more likely. As a 
consequence, we seek to use the system in parameter ranges where [23, 
Corollary 1.4] holds true, i.e., where solutions converge to a positive 
equilibrium.

Note that (2.1) is formulated in [23] using 𝑎𝑖𝑗 = 𝑑𝑖𝑗 and 𝑏𝑖 = 𝑟𝑖 − 𝑑𝑖. 
The analysis in [23] is directly applicable here; we briefly summarise 
it below in terms of the parameters used in [23] and interpret it in 
view of our specific use case. Refer to [23,25,26] for details about the 
mathematical analysis.

Regarding equilibria, first observe that the origin is an unstable 
equilibrium of (2.1), since the Jacobian matrix there is 𝖽𝗂𝖺𝗀(𝑟𝑏 −𝑑𝑏, 𝑟𝑐 −
𝑑𝑐 , 𝑟𝑒 − 𝑑𝑒), with all these terms positive by assumption. Note, then, as 
in [23], that the basin of repulsion of the origin in R3  is bounded. Call
+
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carrying simplex of (2.1) and denote 𝛴 the boundary of that basin. 𝛴 is 
a surface in R3

+ such that each trajectory of (2.1) is asymptotic to one 
in 𝛴. Following [25,26], one can study (2.1) on 𝛴.

On each axis of R3
+, (2.1) reduces to the logistic equation 𝑁 ′

𝑥 =
(𝑟𝑥−𝑑𝑥)𝑁𝑥−𝑑𝑥𝑥𝑁2

𝑥 , 𝑥 ∈ {𝑏, 𝑐, 𝑒}. Denote 𝑁⋆
𝑥 , 𝑥 ∈ {𝑏, 𝑐, 𝑒}, the equilibria 

of these equations on the 𝑁𝑥 axes, i.e., 𝑁⋆
𝑥 = (𝑟𝑥 − 𝑑𝑥)∕𝑑𝑥𝑥 > 0. 

Let 𝑹⋆
𝑏 = (𝑁⋆

𝑏 , 0, 0), 𝑹⋆
𝑐 = (0, 𝑁⋆

𝑐 , 0) and 𝑹⋆
𝑒 = (0, 0, 𝑁⋆

𝑒 ) be the 
corresponding boundary equilibria. All these equilibria are in 𝛴.

Additionally to these single species boundary equilibria, there are, 
as noted in Section 2.3 of [26], three boundary equilibria in 𝛴 with two 
species present. Finally, there is potentially an interior equilibrium with 
the three species present, 
𝑷 ⋆ = (𝑃⋆

𝑏 , 𝑃⋆
𝑐 , 𝑃⋆

𝑒 ), (3.6)

with components taking the form

𝑃 ⋆
𝑏 =

(

𝑑𝑐𝑐𝑑𝑒𝑒 − 𝑑𝑐𝑒𝑑𝑒𝑐
)

𝑑𝑏𝑏𝑁⋆
𝑏 +

(

𝑑𝑏𝑒𝑑𝑒𝑐 − 𝑑𝑏𝑐𝑑𝑒𝑒
)

𝑑𝑐𝑐𝑁⋆
𝑐 +

(

𝑑𝑏𝑐𝑑𝑐𝑒 − 𝑑𝑏𝑒𝑑𝑐𝑐
)

𝑑𝑒𝑒𝑁⋆
𝑒

(

𝑑𝑏𝑏𝑑𝑐𝑐 − 𝑑𝑏𝑐𝑑𝑐𝑏
)

𝑑𝑒𝑒 +
(

𝑑𝑏𝑒𝑑𝑐𝑏 − 𝑑𝑏𝑏𝑑𝑐𝑒
)

𝑑𝑒𝑐 +
(

𝑑𝑏𝑐𝑑𝑐𝑒 − 𝑑𝑏𝑒𝑑𝑐𝑐
)

𝑑𝑒𝑏
,

𝑃 ⋆
𝑐 =

(

𝑑𝑐𝑒𝑑𝑒𝑏 − 𝑑𝑐𝑏𝑑𝑒𝑒
)

𝑑𝑏𝑏𝑁⋆
𝑏 +

(

𝑑𝑏𝑏𝑑𝑒𝑒 − 𝑑𝑏𝑒𝑑𝑒𝑏
)

𝑑𝑐𝑐𝑁⋆
𝑐 +

(

𝑑𝑏𝑒𝑑𝑐𝑏 − 𝑑𝑏𝑏𝑑𝑐𝑒
)

𝑑𝑒𝑒𝑁⋆
𝑒

(

𝑑𝑏𝑏𝑑𝑐𝑐 − 𝑑𝑏𝑐𝑑𝑐𝑏
)

𝑑𝑒𝑒 +
(

𝑑𝑏𝑒𝑑𝑐𝑏 − 𝑑𝑏𝑏𝑑𝑐𝑒
)

𝑑𝑒𝑐 +
(

𝑑𝑏𝑐𝑑𝑐𝑒 − 𝑑𝑏𝑒𝑑𝑐𝑐
)

𝑑𝑒𝑏
,

𝑃 ⋆
𝑒 =

(

𝑑𝑐𝑏𝑑𝑒𝑐 − 𝑑𝑐𝑐𝑑𝑒𝑏
)

𝑑𝑏𝑏𝑁⋆
𝑏 +

(

𝑑𝑏𝑐𝑑𝑒𝑏 − 𝑑𝑏𝑏𝑑𝑒𝑐
)

𝑑𝑐𝑐𝑁⋆
𝑐 +

(

𝑑𝑏𝑏𝑑𝑐𝑐 − 𝑑𝑏𝑐𝑑𝑐𝑏
)

𝑑𝑒𝑒𝑁⋆
𝑒

(

𝑑𝑏𝑏𝑑𝑐𝑐 − 𝑑𝑏𝑐𝑑𝑐𝑏
)

𝑑𝑒𝑒 +
(

𝑑𝑏𝑒𝑑𝑐𝑏 − 𝑑𝑏𝑏𝑑𝑐𝑒
)

𝑑𝑒𝑐 +
(

𝑑𝑏𝑐𝑑𝑐𝑒 − 𝑑𝑏𝑒𝑑𝑐𝑐
)

𝑑𝑒𝑏
.

When that equilibrium is biologically relevant, the following result 
established as Corollary 1.4 in [23] then holds. 

Theorem 1 ([23]).  Suppose that for 𝑥, 𝑦 ∈ {𝑏, 𝑐, 𝑒}, 𝑦 ≠ 𝑥, 𝑟𝑥−𝑑𝑥, 𝑑𝑥𝑥 > 0, 

𝑑𝑥𝑦 <
𝑟𝑥 − 𝑑𝑥
𝑁⋆

𝑦
(3.7)

and that there exists 𝑷 ⋆ = (𝑃⋆
𝑏 , 𝑃⋆

𝑐 , 𝑃⋆
𝑒 ) ∈ 𝛴 in the interior of R3

+. Then 
𝑷 ⋆ is globally asymptotically stable in 𝗂𝗇𝗍(R3

+).

The proof can be found in [23] and is therefore not reproduced here. 
However, let us briefly detail the specific expressions found in Theorem 
1. The Jacobian matrix of (2.1) at 𝑹⋆

𝑥 , 𝑥 ∈ {𝑏, 𝑐, 𝑒}, has eigenvalues 
−(𝑟𝑥 − 𝑑𝑥) < 0 and
𝑟𝑦 − 𝑑𝑦 − 𝑑𝑦𝑥𝑁

⋆
𝑥 , 𝑦 ∈ {𝑏, 𝑐, 𝑒}, 𝑦 ≠ 𝑥.

Thus, the local asymptotic stability of 𝑹⋆
𝑥  depends on the sign of the 

latter two eigenvalues, with 𝑹⋆
𝑥  a repeller (a condition of [23, Corollary 

1.4]) if both are positive. The carrying capacities 𝑁⋆
𝑥 = (𝑟𝑥 − 𝑑𝑥)∕𝑑𝑥𝑥

for the different species can be assumed known, so we express the 
conditions in terms of interspecific competition rates, giving condition 
(3.7).

Establishing that (3.6) is strongly positive under the other condi-
tions of Theorem  1 is not trivial analytically. However, the computa-
tional method detailed in Section 4.1 allows to establish that there are 
indeed points in parameter space where 𝑷 ⋆ ≫ 𝟎, i.e., where Theorem  1 
applies. Note that it is also easy to establish that 𝑷 ⋆ ≪ (𝑁⋆

𝑏 , 𝑁
⋆
𝑐 , 𝑁

⋆
𝑒 ), 

which greatly helps when seeking parameter values in Section 4.1.

3.2. The epidemiological model for an isolated species

In the case where species do not interact with each other, i.e., 𝑑𝑥𝑦 =
𝛽𝑥𝑦 = 0 whenever 𝑥 ≠ 𝑦, the model for species 𝑥 ∈ {𝑏, 𝑐, 𝑒} takes the 
form 
𝑑
𝑑𝑡

𝑆𝑥 = 𝑟𝑥𝑁𝑥 − (𝛽𝑥𝑥𝐼𝑥 + 𝑑𝑥)𝑆𝑥 − 𝑑𝑥𝑥𝑁𝑥𝑆𝑥 (3.8a)
𝑑
𝑑𝑡

𝐿𝑥 = 𝛽𝑥𝑥𝑆𝑥𝐼𝑥 − (𝜀𝑥 + 𝑑𝑥)𝐿𝑥 − 𝑑𝑥𝑥𝑁𝑥𝐿𝑥 (3.8b)
𝑑
𝑑𝑡

𝐼𝑥 = 𝜀𝑥𝐿𝑥 − (𝛿𝑥 + 𝑑𝑥)𝐼𝑥 − 𝑑𝑥𝑥𝑁𝑥𝐼𝑥. (3.8c)

Thus, the single species model (3.8) has logistic type dynamics, with 
total population governed by 
𝑑 𝑁 = (𝑟 − 𝑑 )𝑁 − 𝑑 𝑁2 − 𝛿 𝐼 (𝑡), (3.9)

𝑑𝑡 𝑥 𝑥 𝑥 𝑥 𝑥𝑥 𝑥 𝑥 𝑥

4 
where 𝐼𝑥(𝑡) is given by (3.8c), but can also be considered as a time-
dependent 𝐶1 function such that 𝐼𝑥(𝑡) ∈ [0, 𝑁⋆

𝑥 ] for all sufficiently large 
𝑡 ∈ R+. Actually, 𝐼𝑥(𝑡) ∈ [0, 𝑁𝑥(𝑡)), where 𝑁𝑥(𝑡) = 𝑆𝑥(𝑡) + 𝐿𝑥(𝑡) + 𝐼𝑥(𝑡)
is computed from the solutions of (3.8), but in practice, since 𝐼𝑥(𝑡) ≥ 0
for all 𝑡 ≥ 0, 𝐼𝑥(𝑡) is bounded above by the solution of (3.9) from which 
the term 𝛿𝑥𝐼𝑥 has been removed, i.e., a classic logistic equation.

At the disease-free equilibrium, 𝑆𝑥 = 𝑁𝑥 and (3.8) reduces to the 
single equation
𝑑
𝑑𝑡

𝑆𝑥 = 𝑟𝑥𝑆𝑥 − 𝑑𝑥𝑆𝑥 − 𝑑𝑥𝑥𝑆
2
𝑥 .

This is a classic logistic equation, with all positive 𝑆𝑥 solutions tending 
to the single-species carrying capacity 𝑁⋆

𝑥 = (𝑟𝑥 −𝑑𝑥)∕𝑑𝑥𝑥. (We exclude 
the zero solution, which is of no interest.) Therefore, the disease-free 
equilibrium point of (3.8) is 

𝑬𝑥⋆
0 =

(

𝑁⋆
𝑥 , 0, 0

)

. (3.10)

Using the method of [30], we set

 =
(

𝛽𝑥𝑥𝑆𝑥𝐼𝑥
0

)

and

 =
(

(𝜀𝑥 + 𝑑𝑥 + 𝑑𝑥𝑥𝑁𝑥)𝐿𝑥
−𝜀𝑥𝐿𝑥 + (𝛿𝑥 + 𝑑𝑥 + 𝑑𝑥𝑥𝑁𝑥)𝐼𝑥

)

.

Therefore,

𝐹 =
(

0 𝛽𝑥𝑥𝑁⋆
𝑥

0 0

)

and, writing 𝑁𝑥 = 𝑆𝑥+𝐿𝑥+𝐼𝑥, differentiating  with respect to 𝐿𝑥 and 
𝐼𝑥 and setting them equal to zero and 𝑆𝑥 = 𝑁⋆

𝑥 ,

𝑉 =
(

𝜀𝑥 + 𝑑𝑥 + 𝑑𝑥𝑥𝑁⋆
𝑥 0

−𝜀𝑥 𝛿𝑥 + 𝑑𝑥 + 𝑑𝑥𝑥𝑁⋆
𝑥

)

.

It follows that the basic reproduction number for species 𝑥 in isolation 
is 

𝑥
0 =

𝜀𝑥𝛽𝑥𝑥𝑁⋆
𝑥

(𝜀𝑥 + 𝑑𝑥 + 𝑑𝑥𝑥𝑁⋆
𝑥 )(𝛿𝑥 + 𝑑𝑥 + 𝑑𝑥𝑥𝑁⋆

𝑥 )
. (3.11)

Note that it is possible to obtain a simpler expression by using the fact 
that, e.g., the (1,1) term in 𝑉  can also be written as 𝜀𝑥 + 𝑑𝑥 + 𝑑𝑥𝑥𝑁⋆

𝑥 =
𝑟𝑥 + 𝜀𝑥. However, there are situations in the computational analysis 
where we wish to ‘‘hide’’ the role of 𝑟𝑥, so we use the form above.

From [30, Theorem 2], we get the following result. 

Lemma 2.  Suppose that there are no interactions between species, so that 
for 𝑥 ∈ {𝑏, 𝑐, 𝑒}, (2.2) reduces to (3.8). Then, if for species 𝑥 ∈ {𝑏, 𝑐, 𝑒}, 
𝑥

0 < 1, where 𝑥
0 is defined by (3.11), then the disease-free equilibrium 

(3.10) for species 𝑥 is locally asymptotically stable. If 𝑥
0 > 1, it is unstable.

It is easy to show that the result is actually global when 𝑥
0 < 1, 

but our main use for Lemma  2 lies in the computation of 𝑥
0 , which is 

useful later in the computational analysis, so we forgo this here.
Let us say a word here about endemic equilibria, since the issue that 

arises is also present even more acutely in the full model (2.2). The 
problem is more complicated than the disease-free case. Indeed, while 
at the DFE, we have 𝑆𝑥 = 𝑁𝑥 for all species 𝑥 ∈ {𝑏, 𝑐, 𝑒}, the same 
is not true when disease is present. Computing endemic equilibria then 
involves using (3.8) with 𝑁𝑥 = 𝑆𝑥+𝐿𝑥+𝐼𝑥, since in (3.9), the term 𝛿𝑥𝐼𝑥
does not vanish. This means that instead of having a single nonlinearity 
𝛽𝑥𝑥𝑆𝑥𝐼𝑥 to deal with, there are ten, since terms 𝑑𝑥𝑥(𝑆𝑥 + 𝐿𝑥 + 𝐼𝑥)𝑆𝑥, 
𝑑𝑥𝑥(𝑆𝑥 + 𝐿𝑥 + 𝐼𝑥)𝐿𝑥 and 𝑑𝑥𝑥(𝑆𝑥 + 𝐿𝑥 + 𝐼𝑥)𝐼𝑥 are also present.

We suspect and numerical work strongly suggests that (3.8) has a 
single endemic equilibrium point that is globally asymptotically stable 
when  > 1
0
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3.3. The full epidemiological model

Here, we suppose that Theorem  1 holds true, i.e., that the under-
lying demographic model with competition converges to the globally 
asymptotically stable equilibrium point 𝑷 ⋆ given by (3.6).

First, note that the right hand side of (2.2) is 𝐶1, so solutions to 
(2.2) exist and are unique. It is also easy to show that the positive 
orthant is invariant under the flow of (2.2) and furthermore, that 
all solutions of (2.2) with initial number of individuals in all species 
𝑁𝑥(0) = 𝑆𝑥(0)+𝐿𝑥(0)+𝐼𝑥(0) > 0 eventually enter the positively invariant 
set 
𝛺𝐷 =

{

𝐗 ∈ R9; 0 < 𝑆𝑥 + 𝐿𝑥 + 𝐼𝑥 ≤ 𝑁⋆
𝑥  for 𝑥 ∈ {𝑏, 𝑐, 𝑒}

}

, (3.12)

where 𝑁⋆
𝑏 , 𝑁⋆

𝑐  and 𝑁⋆
𝑒  are the nonzero components of the boundary 

equilibria 𝑵⋆
𝑏 , 𝑵⋆

𝑐  and 𝑵⋆
𝑒  of (2.1), respectively.

3.3.1. The disease-free equilibrium
One important observation follows, whose proof is omitted because 

it is trivial. 

Lemma 3.  The set 
𝛤 =

{

𝐗(𝑡) ∈ R9
+; 𝐿𝑏 = 𝐿𝑐 = 𝐿𝑒 = 𝐼𝑏 = 𝐼𝑐 = 𝐼𝑒 = 0

}

(3.13)

is positively invariant under the flow of (2.2). On that set, (2.2) reduces to 
(2.1).

This means that the disease free equilibrium has all 𝐿𝑥 = 𝐼𝑥 = 0 and 
(𝑆𝑏, 𝑆𝑐 , 𝑆𝑒) = (𝑃⋆

𝑏 , 𝑃⋆
𝑐 , 𝑃⋆

𝑒 ), where 𝑷 ⋆ = (𝑃⋆
𝑏 , 𝑃⋆

𝑐 , 𝑃⋆
𝑒 ) is the coexistence 

equilibrium of (2.1) whose existence is a conclusion of Theorem  1.
In what follows, compartments are ordered first by disease status, 

then by species. The disease-free equilibrium point is thus given by 
𝑬⋆

0 =
(

𝑃⋆
𝑏 , 𝑃⋆

𝑐 , 𝑃⋆
𝑒 , 0, 0, 0, 0, 0, 0

)

. (3.14)

Another important consequence of Lemma  3 is that although it is not 
possible to establish convergence of the total population of each species 
when disease is present, at the disease-free equilibrium we do have 
𝑁𝑥 = 𝑆𝑥 = 𝑃⋆

𝑥  for 𝑥 ∈ {𝑏, 𝑐, 𝑒}.
Bear in mind, though, that this value of 𝑁𝑥 differs from the bound-

ary equilibria carrying capacities 𝑁⋆
𝑥 = (𝑟𝑥 − 𝑑𝑥)∕𝑑𝑥𝑥 discussed in 

Section 3.1 and used when defining 𝛺𝐷 in (3.12).

3.3.2. The basic reproduction number
To calculate the reproduction number 0 of the model, we use 

the next generation matrix method [30]. Infected compartments are 
 =

(

𝐿𝑏, 𝐿𝑐 , 𝐿𝑒, 𝐼𝑏, 𝐼𝑐 , 𝐼𝑒
)

. We first form the vectors  and − of new 
infections into  and flows within and out of , respectively. We have

 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

(

𝛽𝑏𝑏𝐼𝑏 + 𝛽𝑏𝑐𝐼𝑐 + 𝛽𝑏𝑒𝐼𝑒
)

𝑆𝑏
(

𝛽𝑐𝑏𝐼𝑏 + 𝛽𝑐𝑐𝐼𝑐 + 𝛽𝑐𝑒𝐼𝑒
)

𝑆𝑐
(

𝛽𝑒𝑏𝐼𝑏 + 𝛽𝑒𝑐𝐼𝑐 + 𝛽𝑒𝑒𝐼𝑒
)

𝑆𝑒
0
0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

and

 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

(𝜀𝑏 + 𝑑𝑏)𝐿𝑏 + (𝑑𝑏𝑏𝑁𝑏 + 𝑑𝑏𝑐𝑁𝑐 + 𝑑𝑏𝑒𝑁𝑒)𝐿𝑏
(𝜀𝑐 + 𝑑𝑐 )𝐿𝑐 + (𝑑𝑐𝑏𝑁𝑏 + 𝑑𝑐𝑐𝑁𝑐 + 𝑑𝑐𝑒𝑁𝑒)𝐿𝑐
(𝜀𝑒 + 𝑑𝑒)𝐿𝑒 + (𝑑𝑒𝑏𝑁𝑏 + 𝑑𝑒𝑐𝑁𝑐 + 𝑑𝑒𝑒𝑁𝑒)𝐿𝑒

−𝜀𝑏𝐿𝑏 + (𝛿𝑏 + 𝑑𝑏)𝐼𝑏 + (𝑑𝑏𝑏𝑁𝑏 + 𝑑𝑏𝑐𝑁𝑐 + 𝑑𝑏𝑒𝑁𝑒)𝐼𝑏
−𝜀𝑐𝐿𝑐 + (𝛿𝑐 + 𝑑𝑐 )𝐼𝑐 + (𝑑𝑐𝑏𝑁𝑏 + 𝑑𝑐𝑐𝑁𝑐 + 𝑑𝑐𝑒𝑁𝑒)𝐼𝑐
−𝜀𝑒𝐿𝑒 + (𝛿𝑒 + 𝑑𝑒)𝐼𝑒 + (𝑑𝑒𝑏𝑁𝑏 + 𝑑𝑒𝑐𝑁𝑐 + 𝑑𝑒𝑒𝑁𝑒)𝐼𝑒

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Matrix 𝐹  is obtained by taking the Fréchet derivative 𝐷 of  with 
respect to  and evaluating at the disease-free equilibrium. It follows 
that 𝐹  is a 2 × 2 block matrix, with the only nonzero block 𝐹12 taking 
the form 

𝐹12 =
⎛

⎜

⎜

𝛽𝑏𝑏𝑃⋆
𝑏 𝛽𝑏𝑐𝑃⋆

𝑏 𝛽𝑏𝑒𝑃⋆
𝑏

𝛽𝑐𝑏𝑃⋆
𝑐 𝛽𝑐𝑐𝑃⋆

𝑐 𝛽𝑐𝑒𝑃⋆
𝑐

⋆ ⋆ ⋆

⎞

⎟

⎟

. (3.15)

⎝𝛽𝑒𝑏𝑃𝑒 𝛽𝑒𝑐𝑃𝑒 𝛽𝑒𝑒𝑃𝑒 ⎠

5 
Because of competition terms, matrix 𝑉 = 𝐷(𝑬⋆
0 ) is more compli-

cated. It takes the form

𝑉 =
(

𝑉 𝑂
11 + 𝑉 𝐶

11 𝟎
𝑉 𝑂
21 𝑉 𝑂

22 + 𝑉 𝐶
11

)

,

where

𝑉 𝑂
11 = 𝖽𝗂𝖺𝗀(𝜀𝑏 + 𝑑𝑏, 𝜀𝑐 + 𝑑𝑐 , 𝜀𝑒 + 𝑑𝑒),

𝑉 𝑂
21 = −𝖽𝗂𝖺𝗀(𝜀𝑏, 𝜀𝑐 , 𝜀𝑒),

𝑉 𝑂
22 = 𝖽𝗂𝖺𝗀(𝛿𝑏 + 𝑑𝑏, 𝛿𝑐 + 𝑑𝑐 , 𝛿𝑒 + 𝑑𝑒)

and

𝑉 𝐶
11 = 𝑉 𝐶

22 = 𝖽𝗂𝖺𝗀
(

𝑑𝑏𝑏𝑃
⋆
𝑏 +𝑑𝑏𝑐𝑃

⋆
𝑐 +𝑑𝑏𝑒𝑃

⋆
𝑒 , 𝑑𝑐𝑏𝑃

⋆
𝑏 +𝑑𝑐𝑐𝑃

⋆
𝑐 +𝑑𝑐𝑒𝑃

⋆
𝑒 , 𝑑𝑒𝑏𝑃

⋆
𝑏 +𝑑𝑒𝑐𝑃

⋆
𝑐 +𝑑𝑒𝑒𝑃

⋆
𝑒

)

.

Because of the structure of 𝐹 , we have

𝐹𝑉 −1 =
(

𝐹12𝑉 −1
21 𝐹12𝑉 −1

22
𝟎 𝟎

)

,

and the basic reproduction number takes the form 
0 = 𝜌

(

𝐹12(𝑉 0
22 + 𝑉 𝐶

11 )
−1𝖽𝗂𝖺𝗀(𝜀𝑏, 𝜀𝑐 , 𝜀𝑒)(𝑉 𝑂

11 + 𝑉 𝐶
11 )

−1) . (3.16)

It is straightforward to check that hypotheses A1-A5 in [30, Theorem 
2] are satisfied, with in particular A5 (typically, the most difficult to 
check) stemming from Lemma  3 and Theorem  1. As a consequence, 
the reasoning above implies that the following result holds true.

Theorem 4.  The disease-free equilibrium 𝑬⋆
0  is locally asymptotically 

stable if 0 < 1 and unstable if 0 > 1.
As the nonzero block matrices in (3.16) are all diagonal matrices, 

the inverses are easily computed, so an explicit expression of 0 can 
be obtained. However, this expression is very long (it occupies several 
pages) and little is gained from making it explicit. Indeed, the only 
circumstance in the sequel where this expression could be of use is if 
we computed explicitly the dependence of 0 on parameters, but even 
these expressions would be too complicated to make sense of except 
numerically. Instead, remark that 0 is easily computed numerically 
once parameters are set.

3.3.3. Global asymptotic stability of the DFE when 0 < 1
To show that the disease-free equilibrium is actually globally asymp-

totically stable when 0 < 1, let us first establish the following. 

Lemma 5.  The set 
𝛹 =

{

𝐗 ∈ R9
+; 0 < 𝑁𝑥 < 𝑃⋆

𝑥  for 𝑥 ∈ {𝑏, 𝑐, 𝑒}
}

(3.17)

attracts all solutions of (2.2) having initial conditions with 𝐿𝑥(0)+𝐼𝑥(0) > 0
for all 𝑥 ∈ {𝑏, 𝑐, 𝑒}. In turn, this means that for all 𝑥 ∈ {𝑏, 𝑐, 𝑒}, 𝑆𝑥(𝑡) < 𝑃⋆

𝑥
for all sufficiently large 𝑡.

Proof.  By the assumption 𝐿𝑥(0) + 𝐼𝑥(0) > 0 for all 𝑥 ∈ {𝑏, 𝑐, 𝑒}, initial 
conditions are not in the set 𝛤  defined by (3.13). As a consequence, 
𝐼𝑥(𝑡) > 0 for all 𝑡 ∈ R+ and 𝑥 ∈ {𝑏, 𝑐, 𝑒}, even if it limits to zero. Under 
the conditions of Theorem  1, all solutions of (2.1) with positive initial 
conditions tend to 𝑷 ⋆. As a consequence, for 𝑥 ∈ {𝑏, 𝑐, 𝑒}, at 𝑃⋆

𝑥 , 𝑁 ′
𝑥 = 0

for (2.1).
Now consider the total population of each species 𝑁𝑥 = 𝑆𝑥+𝐿𝑥+𝐼𝑥

in (2.2). It is governed by
𝑁 ′

𝑥 = (𝑟𝑥 − 𝑑𝑥)𝑁𝑥 − 𝑑𝑥𝑥𝑁
2
𝑥 − 𝛿𝑥𝐼𝑥,

where 𝐼𝑥 can either be considered as a time dependent function or as 
a solution of (2.2). In either case, since 𝐼𝑥(𝑡) > 0 for all 𝑡 ∈ R+ and 
𝑥 ∈ {𝑏, 𝑐, 𝑒}, it follows that 𝑁 ′

𝑥 < 0 at 𝑃⋆
𝑥  for the epidemiological model. 

Thus, in the epidemiological model, the total population 𝑁𝑥 for species 
𝑥 eventually becomes smaller than 𝑃⋆

𝑥 . The conclusion about 𝑆𝑥 then 
is trivial. □
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Theorem 6.  Suppose that initial conditions to (2.2) are such that 𝟎 ≪
𝑵(0) ≪ 𝑷 ⋆ with 𝑳(0)+𝑰(0) ≫ 𝟎. Assume that 0 < 1, with 0 defined by 
(3.16). Then the disease-free equilibrium (3.14) is globally asymptotically 
stable.

Proof.  We use results of [31], which involves setting
𝑓 (𝑥𝑆 , 𝑥𝐼 ) ∶= (𝐹 − 𝑉 )𝑥𝐼 −  (𝑥𝑆 , 𝑥𝐼 ) + (𝑥𝑆 , 𝑥𝐼 )

so that disease compartments 𝑥𝐼  can be written as
𝑥′𝐼 = (𝐹 − 𝑉 )𝑥𝐼 − 𝑓 (𝑥𝑆 , 𝑥𝐼 ).

Note that we have slightly changed the notation of [31]. We have

𝑓 (𝑥𝑆 , 𝑥𝐼 ) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

(𝛽𝑏𝑏𝐼𝑏 + 𝛽𝑏𝑐𝐼𝑐 + 𝛽𝑏𝑒𝐼𝑒)(𝑃⋆
𝑏 − 𝑆𝑏)

(𝛽𝑐𝑏𝐼𝑏 + 𝛽𝑐𝑐𝐼𝑐 + 𝛽𝑐𝑒𝐼𝑒)(𝑃⋆
𝑐 − 𝑆𝑐 )

(𝛽𝑒𝑏𝐼𝑏 + 𝛽𝑒𝑐𝐼𝑐 + 𝛽𝑒𝑒𝐼𝑒)(𝑃⋆
𝑒 − 𝑆𝑒)

0
0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

From Lemma  5, we have 𝑓 (𝑥𝑆 , 𝑥𝐼 ) ≥ 0 for all sufficiently large 𝑡, 
provided initial conditions are such that 𝐿𝑥(0) + 𝐼𝑥(0) > 0 for all 
𝑥 ∈ {𝑏, 𝑐, 𝑒}. That the matrices 𝐹  and 𝑉 −1 are nonnegative is a direct 
consequence of their construction and is easy to check in any event.

It then follows from [31, Theorem 2.1] that 𝑄 = 𝜔𝑇 𝑉 −1𝑥𝐼  is 
a Lyapunov function for (2.2) when 0 < 1, where 𝜔 is the left 
eigenvector of 𝑉 −1𝐹  corresponding to the eigenvalue 0 = 𝜌(𝑉 −1𝐹 ) =
𝜌(𝐹𝑉 −1).

It is however not possible to use a result such as [31, Theorem 2.2] 
to conclude, since the presence of latent compartments implies that the 
matrix 𝑉 −1𝐹  is reducible. However, we can follow the same procedure 
as in Section 5 in [31] to conclude that the disease-free equilibrium is 
globally asymptotically stable in 𝛹 . □

4. Computational investigation

To complement the mathematical analysis of Section 3, we pro-
ceed here to a brief computational investigation of the properties of 
(2.1) and (2.2). We start by parametrising the competition model 
through an inverse approach (Section 4.1) and the epidemiological 
model (Section 4.2). These parameters having been chosen, we conduct 
a sensitivity analysis of 0 to system parameters in Section 4.3. In Sec-
tion 4.4, we consider the effect of competition in the epidemiological 
model. Finally, in Section 4.5 we extend the computational analysis by 
considering the continuous-time Markov chain equivalents to (2.1) and 
(2.2).

4.1. Parametrisation of the competition model

Finding values for parameters relative to species recruitment, re-
moval and competition-induced death requires to consider an inverse 
problem.

First, we decide on herd composition. In the sequel, we want herds 
with 𝑃⋆

𝑏 = 300 bovids, 𝑃⋆
𝑐 = 200 caprids and 𝑃⋆

𝑒 = 60 equids. 
This corresponds to a typical camp herd in Chad [18,32,33]. (Camps 
comprise several households, each of which has a herd, but these herds 
are kept together.)

We then seek parameters such that Theorem  1 holds with the equi-
librium 𝑷 ⋆ given by (3.6) ‘‘close’’ to the desired population composition 
equilibrium 𝑷̃ ⋆ = (𝑃⋆

𝑏 , 𝑃⋆
𝑐 , 𝑃⋆

𝑒 ). Regarding ‘‘closeness’’, we use a classic 
least squares, i.e., we minimise
𝑒 =

∑

𝑥∈{𝑏,𝑐,𝑒}

(

𝑃⋆
𝑥 − 𝑃⋆

𝑥
)2 .

We assume that the average durations of life are exponentially 
distributed with durations of 1∕𝑑𝑏, 1∕𝑑𝑐 and 1∕𝑑𝑒 of 12, 8 and 16 years 
for bovids, caprids and equids, respectively. (These values are smaller 
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Table 1
Demographic model parameters (including those related to competition) as found by 
the genetic algorithm.
 Symbol Definition Value  
 𝑟𝑏 Recruitment of bovids 0.0004733018 
 𝑟𝑐 Recruitment of caprids 0.0004892810 
 𝑟𝑒 Recruitment of equids 0.0004323007 
 𝑑𝑏 Natural deaths of bovids 0.0002281542 
 𝑑𝑐 Natural deaths of caprids 0.0003422313 
 𝑑𝑒 Natural deaths of equids 0.0001711157 
 𝑑𝑏𝑏 Death of bovids b/c of competition with bovids 5.980337e−07 
 𝑑𝑏𝑐 Death of bovids b/c of competition with caprids 2.853962e−07 
 𝑑𝑏𝑒 Death of bovids b/c of competition with equids 1.443031e−07 
 𝑑𝑐𝑏 Death of caprids b/c of competition with bovids 1.998480e−07 
 𝑑𝑐𝑐 Death of caprids b/c of competition with caprids 4.002224e−07 
 𝑑𝑐𝑒 Death of caprids b/c of competition with equids 1.175133e−07 
 𝑑𝑒𝑏 Death of caprids b/c of competition with bovids 4.414511e−07 
 𝑑𝑒𝑐 Death of caprids b/c of competition with caprids 4.794541e−07 
 𝑑𝑒𝑒 Death of caprids b/c of competition with equids 5.476484e−07 

than the ‘‘nominal’’ life expectancy for these species because death 
rates also include selling an animal out of the herd.) We then seek 
values of the remaining demographic and competition parameters in 
a hyperrectangle  in the interior of R12

+ . For each point in , we 
further check that they satisfy the constraints in Theorem  1 while giving 
𝑷 ⋆ ≫ 𝟎.

Because of the constraints in the search domain, we use a genetic 
algorithm to minimise 𝑒. Specifically, we use the function gaisl in the
R package GA [34] to seek points in  that maximise −𝑒, since genetic 
algorithms are usually maximisers. Any point in  that violates one of 
the constraints is given an infinite error and is therefore ignored.

With the parameters in Table  1, we find the equilibrium 𝑷 ⋆ =
(299.99998, 200.00001, 60.00001), close to the desired 𝑷̃ ⋆. We use these 
parameters for the demographic and competition components from 
now on.

4.2. Parametrisation of the epidemiological component

To parametrise the epidemiological model, we first collect some 
information from the literature. Some parameters can be found in 
papers about existing models such as [7,10,15], but they correspond 
to very different models to the one here and are therefore not rele-
vant. Regarding bovines, [35] gives some information; see also [36]. 
In experiments, incubation periods depend on the size of the initial 
inoculation, ranging from two months in the case of inoculation with 
a very large dose to no symptoms ever in the case of extremely small 
inoculations. We therefore consider 1∕𝜀𝑏 ∈ [2 months; 50 years], with, 
when fixed, an average of 2 years. (We set an unrealistically high 
maximum latency period for the upper bound to ensure the other events 
affecting latent individuals, i.e., natural deaths, occur before.) We vary 
1∕𝜀𝑐 and 1∕𝜀𝑒 in the same range, but when using a set value, use 1∕𝜀𝑐
of 1 year and 1∕𝜀𝑒 of 3 years.

Regarding the rates of disease-induced death 𝛿𝑥, pinpointing the 
exact time from infection to death is challenging. The available lit-
erature provides limited specific information on this aspect. This is 
mainly due to the fact that in many countries, a diagnosis of bovine 
TB leads to culling of the infected animal. This right censorship implies 
that case-fatality ratio information is equally challenging to find. While 
there is a push to move towards a less stringent process [37], the 
data is still absent as yet. For this reason, we use values in the range 
1∕𝛿𝑥 ∈ [2 weeks; 6 months] and a specific value of 1∕𝛿𝑥 of 1 month.

Parametrising the transmission coefficients 𝛽 is extremely difficult, 
so we proceed as follows. We assume a value of 𝑥

0 for species 𝑥 ∈
{𝑏, 𝑐, 𝑒} in isolation, then using (3.11) and other parameters, we deduce 
the value of 𝛽𝑥𝑥. Values for the inter-species transmission coefficients 
𝛽𝑥𝑦, 𝑥, 𝑦 ∈ {𝑏, 𝑐, 𝑒}, 𝑥 ≠ 𝑦, are even harder to estimate. We assume 
that they are somewhat lower than those for transmission between 
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Fig. 2. Sensitivity of 0 given by (3.16) to changes in the indicated parameters sorted 
in decreasing order of PRCC magnitude.

individuals of the same species because of potential conflicts between 
species.

4.3. Sensitivity analysis of 0

To investigate the effect of the various epidemiological parameters 
on the system, we proceed to a simple global sensitivity analysis. 
For this, we choose 500,000 points in parameter space using Sobol 
sampling through the R library sensitivity, compute the value of 
0 as given by (3.16) for each of these points in parameter space, 
then compute the partial rank correlation coefficients (PRCC). Note 
that here, values of 𝛽𝑥𝑦 are all allowed to vary within the range [5e-
7,2e−04], which we found below (Fig.  3) to lead to 0 values in a 
reasonable range of 0.01 to about 5.5. The result is shown in Fig.  2.

We observe that all parameters except for the disease-induced death 
rates 𝛿𝑥 have a positive influence on the value of 0 and that, save for 
𝛽𝑏𝑏, the most effect on the value of 0 is due to the disease-induced 
death rates 𝛿𝑥. Recall that these rates include (implicitly) the culling 
rate; so, in view of Fig.  2, culling is indeed a powerful mechanism 
of disease control. Another observation is that the size of the species 
population within the herd plays an important role: parameters linked 
to equids are, generally, less influent than those of the two other 
species. While expected, this means that if control mechanisms are 
available, then the largest effect on 0 is obtained by targetting the 
largest population. Finally, the average duration 1∕𝜀𝑥 of the incubation 
period has the lowest influence on 0, regardless of the distribution of 
individuals from the different species present.

In Fig.  3, we dig further into the relationship between inter-species 
transmission parameters 𝛽𝑥𝑦, 𝑥 ≠ 𝑦 and the within-species transmission 
parameters 𝛽𝑥𝑥. Using other parameters as described in Sections 4.1 and
4.2, we plot the value of 0 as a function of 𝛽𝑥𝑥 and 𝛽𝑥𝑦 (𝑥 ≠ 𝑦), where 
all values are equal across an interaction type (e.g., 𝛽𝑥𝑥 ∶= 𝛽𝑏𝑏 = 𝛽𝑐𝑐 =
𝛽𝑒𝑒). We observe that the dependence is mostly linear, except that for 
small values of the inter-species transmission coefficients 𝛽𝑥𝑦 (𝑥 ≠ 𝑦), 
0 is governed entirely by the within-species coefficients 𝛽𝑥𝑥. This is 
not unexpected, but interestingly, the converse is not true: for small 
values of the within-species transmission coefficients 𝛽𝑥𝑥, 0 remains 
linearly dependent on 𝛽𝑥𝑥 and 𝛽𝑥𝑦.

4.4. Investigating the effect of competition

Model (2.2) incorporates competition between species. In order to 
investigate the effect of this competition on the dynamics of the disease, 
we compare two situations. One is driven by (2.2), the other is similar 
but has interspecific competition parameters zero, i.e., 𝑑𝑥𝑦 = 0 for 
𝑥, 𝑦 ∈ {𝑏, 𝑐, 𝑒} such that 𝑥 ≠ 𝑦. In order to have grounds for comparison, 
for the model without competition, we use for 𝑥 ∈ {𝑏, 𝑐, 𝑒}, 𝑟𝑥, 𝑑𝑥 and 
𝑑𝑥𝑥 such that (𝑏̃𝑥 − 𝑑𝑥)∕𝑑𝑥𝑥 = 𝑃⋆

𝑥 , i.e., we ensure to compare herds that 
would have similar sizes at the disease-free equilibrium.
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Fig. 3. Value of 0 as a function of the within-species and between-species transmis-
sion coefficients 𝛽𝑥𝑥 and 𝛽𝑥𝑦 (𝑥 ≠ 𝑦), respectively.

We assume on the other hand that inter-species transmission of 
the disease occurs. The situation shown there is one where the basic 
reproduction number for species in isolation is 𝑥

0 = 2.5 for all species. 
We compute 𝛽𝑥𝑥 accordingly using (3.11). Regarding between species 
coefficients 𝛽𝑥𝑦 (𝑥 ≠ 𝑦), we take them to be 0.9𝛽𝑥𝑥, except that 𝛽𝑏𝑒 =
0.7𝛽𝑏𝑏 and 𝛽𝑒𝑏 = 0.7𝛽𝑒𝑒 to account for potential negative interactions 
between the larger species. With other parameters as specified in 
Sections 4.1 and 4.2, the basic reproduction number for the entire 
system with competition is then 0 ≃ 3.2.

In Fig.  4, we show solutions for unrealistically long time periods of 
200 years to show how competition affects the long term behaviour of 
the model. We observe in Fig.  4(a) that due to disease-induced death, 
the resulting total animal population is quite small compared to the 
disease-free equilibrium value of 560. Extending solutions forward in 
time using the method in Appendix, we find equilibrium values of 
roughly 220 and 160 animals in total, with and without competition, 
respectively. We also observe that the presence of competition hastens 
convergence to what we suspect is the endemic equilibrium point, with 
transient oscillations being faster in the system with competition (red 
curve). Although this has not been proved mathematically, we suspect 
that the model has a globally asymptotically stable endemic equilibrium 
when 0 > 1. In the absence of competition, the total population goes 
to a lower value than when competition is present (when disease is also 
present).

As with the total animal population, we see in Fig.  4(b) that the 
presence of competition accelerates convergence of the prevalence of 
bTB in individual species to an endemic equilibrium (Fig.  4(b) shows 
bovines, but the same is observed for the other two species). This 
equilibrium value has fewer infected animals than when competition is 
present. The same is true for the other two species: the endemic equi-
librium with competition has higher prevalence than when competition 
is absent.

Finally, in Fig.  5, we return to a more realistic time interval of 
10 years to focus on the initial response of the model since, in practice, 
this is the situation that is observed ‘‘on the ground’’. Here, we focus 
on the difference in prevalence between the case with competition and 
the case without: when a curve is below zero, prevalence is, at this 
instant in time, higher for the system without competition than for 
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Fig. 4. Comparison of the long term behaviour (200 years) of (2.2) with and without competition. (a) Behaviour of the total animal population 𝑁𝑏 + 𝑁𝑐 + 𝑁𝑒. (b) Prevalence 
𝐿𝑏 + 𝐼𝑏 of bTB in the bovine population.
Fig. 5. Difference between total prevalence 𝐿𝑥(𝑡) + 𝐼𝑥(𝑡) with competition present or 
absent. Below the horizontal axis, prevalence is larger in the absence of competition, 
above the axis, prevalence is larger when competition is present.

the system with competition; when a curve is above zero, the system 
with competition experiences a higher prevalence. This allows to focus 
on the part of the curve where solutions appear indistinguishable in 
Fig.  4(b) (and for the other species). We observe that in the first 
four or so years of spread, the presence of competition makes the 
situation ‘‘better’’, then the situation reverses. If one considered longer 
time intervals, then one would observe several such reversals (e.g., for 
bovines when the black and red curves intersect in Fig.  4(b)), but as 
mentioned above, in the limit all curves are above zero, i.e., prevalence 
is higher when competition is present.

4.5. Stochastic simulations

In order to check that rates found in Section 4.1 are realistic, we 
consider a continuous-time Markov chain (CTMC) equivalent of (2.1). 
To better understand how transmission happens between species, we 
also consider the CTMC equivalent to (2.2). We derive these CTMCs 
without providing much detail; refer to standard references on conver-
sions between ODE and CTMC, e.g., [38]. Suffices to say here that since 
rates in (2.1) and (2.2) are constant, the CTMCs corresponding to these 
systems are homogeneous with transition rates as summarised in Tables 
2 and 3.

We start by ‘‘validating’’ the rates found in Section 4.1. Indeed, 
while the procedure described does produce rates such that (2.1) 
converges to the desired equilibrium, these rates sometimes lead to very 
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Table 2
Transition rates of the CTMC analogue of competition model (2.1).
 Transition Event, with 𝑥, 𝑦 ∈ {𝑏, 𝑐, 𝑒} Rate  
 𝑁𝑥 → 𝑁𝑥 + 1 Recruitment of an 𝑥 𝑟𝑥𝑁𝑥  
 𝑁𝑥 → 𝑁𝑥 − 1 Natural death or sale of an 𝑥 𝑑𝑥𝑁𝑥  
 𝑁𝑥 → 𝑁𝑥 − 1 Death 𝑥 b/c of competition with 𝑦 𝑑𝑥𝑦𝑁𝑥𝑁𝑦 

Table 3
Transition rates of the CTMC analogue of epidemiological model (2.2).
 Transition Event, with 𝑥, 𝑦 ∈ {𝑏, 𝑐, 𝑒} Rate  
 𝑆𝑥 → 𝑆𝑥 + 1 Recruitment of an 𝑆𝑥 𝑟𝑥𝑁𝑥  
 𝑆𝑥 → 𝑆𝑥 − 1 Natural death or sale of an 𝑆𝑥 𝑑𝑥𝑆𝑥  
 𝐿𝑥 → 𝐿𝑥 − 1 Natural death or sale of an 𝐿𝑥 𝑑𝑥𝐿𝑥  
 𝐼𝑥 → 𝐼𝑥 − 1 Natural death or sale of an 𝐼𝑥 𝑑𝑥𝐼𝑥  
 𝑆𝑥 → 𝑆𝑥 − 1 Death 𝑆𝑥 b/c of competition with 𝑦 𝑑𝑥𝑦𝑆𝑥𝑁𝑦 
 𝐿𝑥 → 𝐿𝑥 − 1 Death 𝐿𝑥 b/c of competition with 𝑦 𝑑𝑥𝑦𝐿𝑥𝑁𝑦 
 𝐼𝑥 → 𝐼𝑥 − 1 Death 𝐼𝑥 b/c of competition with 𝑦 𝑑𝑥𝑦𝐼𝑥𝑁𝑦  
 (𝑆𝑥 , 𝐿𝑥) → (𝑆𝑥 − 1, 𝐿𝑥 + 1) Infection of an 𝑆𝑥 by an 𝐼𝑦 𝛽𝑥𝑦𝑆𝑥𝐼𝑦  
 𝐿𝑥 → 𝐿𝑥 − 1 End of incubation of an 𝐿𝑥 𝜀𝑥𝐿𝑥  
 𝐼𝑥 → 𝐼𝑥 − 1 Death of an 𝐼𝑥 b/c of bTB 𝛿𝑥𝐼𝑥  

high turnover rates in the species, which we call ‘‘fast dynamics’’ in the 
sequel.

For instance, consider Fig.  6, which shows (top row) the total 
head count for the three species and (bottom row) the number of 
recruitment and removal events taking place in the bovine population 
(recruitment 𝑟𝑏𝑁𝑏, natural death or sale 𝑑𝑏𝑁𝑏, intra-specific competi-
tion 𝑑𝑏𝑏𝑁2

𝑏  and inter-specific competition 𝑑𝑏𝑐𝑁𝑏𝑁𝑐 and 𝑑𝑏𝑒𝑁𝑏𝑁𝑒) in two 
sample realisations of the CTMC analogue for competition model (2.1), 
i.e., considering populations 𝑁𝑏, 𝑁𝑐 and 𝑁𝑒 with transitions and rates 
as in Table  2. We show only the bovine population in Figs.  6(c) and
6(d); events for caprines and equines show similar patterns, albeit at 
slightly slower rates since the populations are smaller.

All figures in Fig.  6 were generated with parameters found using 
the procedure in Section 4.1. However, only Figs.  6(a) and 6(c) make 
any sense in terms of the number of recruitment and removal events 
likely to occur in a herd of the size under consideration. We refer to 
this regime as ‘‘reasonable dynamics’’, to distinguish it from the ‘‘fast 
dynamics’’ of Figs.  6(b) and 6(d).

Fig.  6 highlights the consequences of non-identifiability of parame-
ters [39] and the value of CTMCs as a tool to validate the rates found 
by parameter identification.

We now turn to the CTMC analogue of the full epidemiological 
model (2.2), with transitions and rates in Table  3. As with the un-
derlying competition model (2.1), the CTMC allows to check that the 
rates used are consistent. In Fig.  7, we show a sample run over 100 
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Fig. 6. Total head count (a,b) and daily number of recruitment and removal events for the bovine population (c,d) in the CTMC analogue of competition model (2.1).
Fig. 7. (a) Number, timing and nature of the infection events occurring during a sample run of the CTMC analogue of epidemiological model (2.2). (b) Corresponding prevalence 
𝐿𝑥 + 𝐼𝑥 in each of the three species.
days of the model with 𝑥
0 = 2.5 and other parameters as discussed in 

Sections 4.1 and 4.2. Initial conditions were 𝐿𝑏(0) = 𝐼𝑏(0) = 1, with the 
initial prevalence in the other two species being zero. This particular 
realisation of the Markov chain illustrates one important difference 
between the ODE and the CTMC: over the time period considered here, 
no infection affects equids, whereas with a reproduction number larger 
than 1, this is not possible for such a duration of time in the ODE.

Moving forward, we now consider large numbers of realisations of 
the CTMC to investigate some aspects that are complicated to approach 
using ODEs.

In Fig.  8, we consider the percentage of simulations seeing absorp-
tion into the disease-free state as a function of the initial condition and 
0. As the chain has discrete and bounded state space and the disease-
free equilibrium is accessible from all states and is the sole absorbing 
state, the probability of absorption into the DFE is 1 (regardless of 
the value of 0), but this may take a very long time to happen. So in 
practice, we restrict ourselves to a time interval that makes sense from 
an epizootical point of view and compare realisations on this interval.
9 
Initial conditions in Fig.  8 are taken as 𝐿𝑥 = 0 for all 𝑥 ∈ {𝑏, 𝑐, 𝑒}
and either 𝐼𝑏 = 1, 𝐼𝑐 = 1 or 𝐼𝑒 = 1 and the two remaining populations 
starting with no infectious individuals. We observe that at any 0
value, bovines and caprines, whose populations are larger, see fewer 
extinction events on average than the smaller equine population. Fig. 
8 also illustrates the fundamental difference between ODE and their 
CTMC analogues: there is non negligible number of realisations of the 
chain that go extinct when 0 > 1. Conversely, there are quite a few 
realisations that see infection persisting for more than 6 months when 
0 < 1. In the latter case, if we were to increase the length of the 
time interval considered, realisations hovering close to zero prevalence 
because of a low value of 0 would increasingly be absorbed. However, 
the overall shape and ordering of the curves would not change.

Note that the jaggedness of the curves in Fig.  8 results from the 
number of realisations used to produce each point (20,000 here). 
When considering, as in Fig.  8, problems related to the probability of 
disease extinction given an initial number of infectious cases, much 
finer (and exact) values are obtained using multitype branching process 
approximations of the continuous time Markov chain. Because this is 
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Fig. 8. Percentage of 20,000 simulations seeing disease extinction, as a function of 0 and depending on which species bears the initial case. The bovine and caprine curves 
roughly overlap.
Fig. 9. (a) Heatmap of the number of new cases over a 6 months period. (b) Heatmap of the percentage of these new cases originating from contacts between species (𝑋2𝑌
rather than 𝑋2𝑋), with 10, 25, 50, 75 and 90-th percentile shown as red curves. Dotted red lines show corresponding percentile area of the first quadrant. (a,b) Grey lines are 
the level curves of 0 in Fig.  3.
not the main focus of the paper, we do not follow this approach here 
and instead settle for irregular curves.

To conclude, we investigate numerically the ‘‘final size’’ (Fig.  9(a)) 
and the origin of infections (Fig.  9(b)), in the same context as used 
in Fig.  3, varying the coefficients 𝛽𝑥𝑥 and 𝛽𝑥𝑦 of within-species and 
between-species transmission, respectively, within the same range used 
there. All other parameters are also taken as in Fig.  3. We show as grey 
lines the values of 0 in Fig.  3. Both figures in Fig.  9 are obtained 
from the same set of simulations, which are conducted as follows: at 
each point in the 102×102 grid sampled, we run 5,000 simulations with 
initial conditions 𝐼𝑏(0) = 1 and all other infected compartments empty. 
We record the total number of infection events as well as the number of 
those events originating from contact between individuals of the same 
species.

Fig.  9(a) shows the final size, i.e., the total number of infections, 
over the six month period simulations are run for. The final size is 
10 
normally computed over the duration of an outbreak, which here would 
involve conditioning on extinction of the chain. However, we do not 
do so here and count all infections: as far as herders are concerned, 
whether or not the event is over is irrelevant. In practice, Fig.  9(a) 
shows that the final size closely aligns with 0. This is expected, but it 
is useful to confirm that this is indeed the case: there does not seem to 
be conditions where reducing the reproduction number would lead to, 
say, unexpected increases in the burden of infection.

Finally, Fig.  9(b) considers the percentage of between-species (𝑋2𝑌 )
transmissions in the overall number of transmissions (𝑋2𝑋 and 𝑋2𝑌 ). 
To facilitate interpretation, we show as dotted red lines the lines with 
slopes 𝛽𝑥𝑦∕𝛽𝑥𝑥 equal to 1∕9, 1∕3, 1, 3 and 9, corresponding to surface ar-
eas of 10%, 25%, 50%, 75% and 90% of the first quadrant, respectively. 
When the plotted percentage of 𝑋2𝑌  infections match these lines, the 
contribution to 𝑋2𝑌  infections observed matches exactly what can be 
expected from the ratio 𝛽 ∕𝛽 . Starting with the 50-th percentile curve 
𝑥𝑦 𝑥𝑥
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and with higher transmission rates (the fourth from the origin grey 
line corresponds to 0 = 2, see Fig.  3), observed percentages of 𝑋2𝑌
transmissions are below the corresponding dotted red lines, meaning 
that it takes smaller values of 𝛽𝑥𝑦 to achieve a given percentage of 
𝑋2𝑌  infections: 𝛽𝑥𝑦 plays a more important role. The difference is not 
extremely marked, however.

5. Discussion

The model introduced here is a first step towards improving our 
understanding of the dynamics of pathogens in the context of managed 
small herds comprising animals from several species. This type of herd 
is prevalent for nomadic herders in the Sahel region and is therefore 
extremely important to their livelihood. Building on existing work 
on the competitive Lotka–Volterra system, we formulated a model 
for spread of bovine tuberculosis between three species that are in 
competition but existing, because of human management, at an stable 
population level equilibrium.

We first considered the mathematical analysis of the model and 
showed that regarding the disease-free equilibrium, the situation is 
classic, in the sense that this equilibrium is globally asymptotically 
stable when the basic reproduction number 0 is below 1 and unstable 
otherwise. We did not pursue here the analysis of the endemic case, 
although numerical investigations confirmed that it too appears classic, 
with all solutions tending to an unique endemic equilibrium when 
0 > 1.

We then proceeded to a computational analysis of the model. We 
started by considering an inverse problem to find values of parameters 
of the underlying competition model so that equilibrium numbers of 
animals matched the known herd composition. Because (2.1) is not 
identifiable, we used the continuous time Markov chain analogue to 
(2.1) to assess the validity of the parameters found. This highlights 
an interesting use of CTMCs: while it is of course easy to compute, 
say, 𝑟𝑏𝑁𝑏 to derive the instantaneous rate of recruitment of bovines 
in (2.1), graphs such as in Fig.  6 make it easier to understand what 
this rate translates to. (Likewise, Fig.  7(a) is easier for someone with 
field experience in epizootics to relate to.) We considered the effect of 
competition on the dynamics of disease spread and observed that when 
the disease starts to spread in a herd, the presence of competition leads 
to lower prevalences than are observed when competition is absent. 
The situation then reverses several times over the course of spread and 
when the endemic equilibrium is reached, competition always results 
in a higher prevalence of infection. Finally, we considered the CTMC 
version of the full epidemiological model to effect the role of the species 
in which the infection starts as well as the number of animals contami-
nated and fraction of these contaminations originating from between 
species contacts. With respect to these aspects, the model behaved 
very predictably, although the observation that at high reproduction 
number values, interspecies contamination plays a more important role 
(Fig.  9(b)) hints that field work would be required to get a better 
understanding of this parameter.

To conclude, remark that our assumption for considering stable 
coexistence as the underlying regime of the competition model is that 
herders are able to replace animals dying because of intra- and inter-
specific competition as well as because of infection. This is certainly 
true at the level of a single herd, but if reasoning at a higher geo-
graphical level, it may be an issue: if many herds experience the same 
conditions, e.g., because of a changing climate, then it may become 
difficult for a herd to be replenished in this way.
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Appendix. Ensuring convergence of solutions to an equilibrium

In several places, we use the simulation of the ODEs to find the 
values of endemic equilibria. However, given the wide variety of pa-
rameter values considered, there are cases where convergence to these 
equilibria can be quite slow. For instance, when 0 > 1 but is very close 
to 1, if initial conditions are far from the EEP, the system can take a 
very long time to converge to the EEP.

In order to circumvent this issue while remaining computationally 
efficient, we use the following procedure, where time units are assumed 
to be days.

1. Set an individual simulation length (𝑡𝑠 = 100 in our code).
2. Set a maximum time for convergence (𝑡𝑚 = 50,000 in our code).
3. Set a threshold for convergence (𝜏 = 10−8 in our code) and

converged to FALSE.
4. Set current time 𝑡𝑐 = 0 and initial conditions 𝒙(𝑡𝑐 ) = 𝒙0.
5. Repeat until converged or 𝑡𝑐 ≥ 𝑡𝑚:

(a) Run the numerical solver with initial condition 𝒙(𝑡𝑐 ) from 
𝑡 = 𝑡𝑐 to 𝑡 = 𝑡𝑐 + 𝑡𝑠, using a relatively fine time grid (we 
use 0.05 days by default).

(b) Set initial condition as 𝒙(𝑡𝑐 + 𝑡𝑠).
(c) Set 𝑡𝑐 → 𝑡𝑐 + 𝑡𝑠.
(d) Compute change in successive solutions. If change is less 

than 𝜏, set converged to TRUE.

To evaluate the change in solutions, we use the last time point 𝑡𝑓 =
𝑡𝑐 + 𝑡𝑠 and the point 𝑡𝓁 immediately left of it on the time grid. We then 
compute the supremum norm
‖𝒙(𝑡𝑓 ) − 𝒙(𝑡𝓁)‖∞ = max

𝑖=1,…,𝑁

{

|𝑥𝑖(𝑡𝑓 ) − 𝑥𝑖(𝑡𝓁)|
}

.
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