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Traffic flow — ODE model



Problem formulation

Want to model
> N cars
> on a straight road
» no overtaking
> adjustment of speed on driver in front
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Hypotheses
> N cars in total.

» Road is the x-axis.

> x,(t) position of the nth car at time t.

> v,(t) £ x/(t) velocity of the nth car at time t.
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» All cars start with the same initial speed vy before time t = 0.
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Moving frame coordinates

To make computations easier, express velocity of cars in a reference frame moving at
speed wp.

Remark that here, speed=velocity, since movement is 1-dimensional.

Let
un(t) = vp(t) — wp.

Then u,(t) =0 for t <0, and u, is the speed of the nth car in the moving frame
coordinates.
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Modeling driver behavior
Assume that

» Driver adjusts his/her speed according to relative speed between his/her car and

the car in front.

» This adjustment is a linear term, equal to A for all drivers.

» First car: evolution of speed remains to be determined.

» Second car:
uh = Mur — wp).

» Third car:
Uy = Mup — u3)

» Thus, forn=1,...,N -1,

Upp1 = M(Un — Upt1)-
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This can be solved using linear cascades: if uy(t) is known, then
uy = Auy(t) = 1)

is a linear first-order nonhomogeneous equation. Solution (integrating factors, or
variation of constants) is

t
up(t) = )\e_’\t/ u(s)e*ds
0

Then use this function u(t) in uj to get us(t),

t
uz(t) = )\e_’\t/ (s)e**ds
0

p. 6 — Traffic flow — ODE model



Thus

t
u3(t) = )\e_’\t/ up(s)e*ds
0

t s
—)\e"\t/ </\e_)‘s/ ul(q)e’\qdq) ds

0 0
t s
=\ e_)‘s/ u1(q)e?dqgds
0 0

Continue the process to get the solution.
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Example
Suppose driver of car 1 follows this function

u1(t) = asin(wt)

that is, w-periodic, 0 at t = 0 (we want all cars to start with speed relative to the
moving reference equal to 0), and with amplitude a.

Then

t
up(t) = )\ae/\t/ sin(ws)e**ds
0

At <w — we cos(wt) + AeM sin(wt))

= lae” N2 o?

Ao

= i (we_)‘t + Asin(wt) — wcos(wt)) :
w

When t — oo, first term goes to 0, we are left with a w-periodic term.
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Continuing the process,

)\2CK ~A
n(O =z

t
/ (we*)‘s + Asin(ws) —w cos(ws)> e*ds
0

that is,

)\2 t
uz(t) = Wo;ze"\t <wt + /0 (Asin(ws) — w cos(ws)) e’\sds>

Na 2 \w At
" a2 \“TTaera)e

)\2
- ﬁ (2w cos(wt) — M sin(wt) + w? sin(wt))

A

Once again, the terms in e ! vanishes for large t, and we are left with 3 w-periodic

terms.
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Linear ODEs

Definition 1 (Linear ODE)

A linear ODE is a differential equation taking the form

d
ax:A(t)x—f—B(t), (LNH)
where A(t) € M,(R) with continuous entries, B(t) € R" with real valued, continuous
coefficients, and x € R". The associated |VP takes the form

d

5= A(t)x + B(t)

X(to) = X0.

(2)
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Types of systems

» x" = A(t)x + B(t) is linear nonautonomous (A(t) depends on t) nonhomogeneous
(also called affine system).
/

» x’ = A(t)x is linear nonautonomous homogeneous.

> x' = Ax + B, that is, A(t) = A and B(t) = B, is linear autonomous
nonhomogeneous (or affine autonomous).

» x’ = Ax is linear autonomous homogeneous.

» If A(t+ T) = A(t) for some T > 0 and all ¢t, then linear periodic.
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Existence and uniqueness of solutions

Solutions to (2) exist and are unique on the whole interval over which A and B are
continuous.
In particular, if A, B are constant, then solutions exist on R.
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Autonomous linear systems

Consider the autonomous affine system
d
S x=Ax+B
th X + b,

and the associated homogeneous autonomous system

—x = Ax.

dt
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Exponential of a matrix

Definition 3 (Matrix exponential)

Let A€ M,(K) with K =R or C. The exponential of A, denoted e”t is a matrix in
Mp(K), defined by
k=1

where T is the identity matrix in M ,(K).

= \
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Properties of the matrix exponential

> eAtigAl — oAttt for gl 1,1 € R. 1

> AeAt = eAtA for all t € R.

> (eAt)1 = e A for all t € R.

» The unique solution ¢ of (L) with ¢(t) = xo is given by

8(1) = A,
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Computing the matrix exponential
Let P be a nonsingular matrix in M,(R). We transform the IVP

d
EX:AX

X(to) = Xp

using the transformation x = Py or y = P71x.

The dynamics of y is

y'= (P 'x)
—ply
= P~ 1Ax
= P 1APy

The initial condition is yp = P~ !xp.
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We have thus transformed IVP (L _IVP) into

d

—y =P AP

dt” Y (L_IVP_y)
y(to) = P'xq -

From the earlier result, we then know that the solution of (L _IVP _y) is given by
(1) = P APETRI P,

and since x = Py, the solution to (L _IVP) is given by
¢(t) = PeP T AP(t=t0) p=1,

So everything depends on P~1AP.
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Diagonalizable case

Assume P nonsingular in M,(R) such that
A1
PtAP =

with all eigenvalues A1, ..., \, different.
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For a (block) diagonal matrix M of the form

my
M =
0
there holds .
my
Mk =
0
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Therefore,

1 ok Ak 0
P-lap _ v
e =T+ Z T )
k=1 0 An
k
reo M 0
k
0 Ko T
ettt 0
0 e/\nt
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And so the solution to (L_IVP) is given by
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Nondiagonalizable case

The Jordan canonical form is
Jo 0
P1AP = _
0 Js
so we use the same property as before (but with block matrices now), and

glot 0

-1
oP TAPE _
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The first block in the Jordan canonical form takes the form

Ao 0
Jo = -
0 Ak
and thus, as before,
etot 0
oot — _
0 ekt
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Other blocks J; are written as
Ji = Mieil + N;

with I the n; x n; identity and N; the n; X n; nilpotent matrix

01 0 0
N; =

1

0 0

A+l and N; commute, and thus

e_/,'t — e)\k+,‘teN,'t’

p. 26 — Linear systems of ODE — Brief theory



Since N; is nilpotent, N,-k = 0 for all k > n;, and the series /it terminates, and

t"i71
1t (”i_12)|
t"i—
et = et | 0 1y
0 1
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Theorem 4

For all (ty, xp) € R x R", there is a unique solution x(t) to (L_IVP) defined for all
t € R. Each coordinate function of x(t) is a linear combination of functions of the form

thke“t cos(Bt) and tXe“tsin(St)

where oo + i3 is an eigenvalue of A and k is less than the algebraic multiplicity of the
eigenvalue.
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Generalized eigenvectors

Definition 5 (Generalized eigenvectors)

Let A€ M,(R). Suppose A is an eigenvalue of A with multiplicity m < n. Then, for
k=1,...,m, any nonzero solution v of

(A= XD)kv =0

is called a generalized eigenvector of A.
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Nilpotent matrix

Definition 6 (Nilpotent matrix)
Let A€ M,(R). Ais nilpotent (of order k) if A/ #£0for j=1,...,k—1, and Ak = 0.
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Jordan normal form

Theorem 7 (Jordan normal form)

Let A € Mp(R) have eigenvalues A1, ..., \,, repeated according to their multiplicities.
» Then there exists a basis of generalized eigenvectors for R".

» And if {vi,...,vn} is any basis of generalized eigenvectors for R", then the matrix
P = [vq--- vy is invertible, and A can be written as

A=S+N,

where
P~1SP = diag()\)),

the matrix N = A — S is nilpotent of order k < n, and S and N commute, I.e.,
SN = NS.

p. 31 — Linear systems of ODE — Brief theory



Theorem 8

Under conditions of the Jordan normal form Theorem, the linear system x' = Ax with
initial condition x(0) = xo, has solution

tk
x(t) = Pdiag (eAft) p-1 <]1+ Nt + - kl/vk> X0.
The result is particularly easy to apply in the following case.
Theorem 9 (Case of an eigenvalue of multiplicity n)

Suppose that \ is an eigenvalue of multiplicity n of A € M,(R). Then S = diag()),
and the solution of x' = Ax with initial value xq is given by

k
x(t) = e <H-|— Nt +--. ;lNk) Xg-

In the simplified case, we do not need the matrix P (the basis of generalized
p. 32 —. Linear int’e;TE\of ODE - Brief theory
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A variation of constants formula

Theorem 10 (Variation of constants formula)

Consider the IVP

x' = Ax + B(t) (3a)
X(to) = Xp, (3b)

where B : R — R" a smooth function on R, and let e*(t=1) be matrix exponential
associated to the homogeneous system x' = Ax. Then the solution ¢ of (3) is given by

o(t) = Aty 4 / teA(t’s)B(s)ds. (4)

to
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Linear systems — Our case



Computation in our case

Consider the case of 3 cars. Let

Then the system can be written as

-3 8o (4

which we write for short as X’ = AX + B(t).

p. 35 — Linear systems — Our case



The matrix A has the eigenvalue —\ with multiplicity 2. Its Jordan form is obtained by
using the maple function JordanForm:

> with(LinearAlgebra)
> A := <<-lambda, lambda> | <0, -lambda>>:
> J := JordanForm(A)

giving

To get the matrix of change of basis,

> P := JordanForm(A,output='Q"')

giving

which is such that P~1AP = J.
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Because —\ is an eigenvalue with multiplicity 2 (same as the size of the matrix), we
can use the simplified theorem, and only need N.

We have
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Clearly, N2 = 0, so, by the theorem in the simplified case,

x(t) = e (I + Nt) xo

But we know that solutions are unique, and that the solution to the differential
equation is given by x(t) = e*xp. This means that

eAt — —/\t (H + Nt)
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Now notice that the solution to
X' = AX

is trivially established here, since

and thus
X(t) =0 =0.

et does however play a role in the solution (fortunately), since it is involved in the
variation of constants formula:

t
X(t) = e Xy +/ eAt=9)B(s)ds
0
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Thus we need to compute eA(t=%)B(s), and then the integral.

—At=s) 0 Au (s)
A(t—s) _ € u
€ B(s) = ()\(t _ S)e—A(t—s) e—A(t—s)) ( 0 >

AR COME
= (AzeA(tS)(t - S)U1(5)>
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and thus

/ A(t S)B
0

/0 ( ig_j;fssugf—)s)ul( ) )ds
JE A9 1y (5)dis >

Jo N2e A9 (¢ — s)un(s)ds

(1
e~ [T ersyy(s)ds
(AT )

N2e=At [FeMs(t — s)u(s)ds

Ae M [F e (s)ds
Ne _/\t tf eMu(s)ds — [7 se’\sul(s)ds)

p. 41 — Linear systems — Our case



Let .
w(t) = / iy (s)ds
0
and

O(t) = /Ot se*uy(s)ds

These can be computed when we choose a function uy(t). Then, finally, we have
t
X(t) = / eAt=9)B(s)ds
0

e (t)
- < Ne M (1Y (t) — d(t)) )
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Case of the asin(wt) driver

We set
u1(t) = asin(wt).
Then
() = a(w — wer cos(wt) + AeM sin(wt))
A%+ w?
and
o(t) = (A3t + Atw? — A2 + w?) sin(wt)e?t
- (A2 + w?)?
_ow cos(wt)(tA? + tw? — 2X\)eM + 2adw
(A2 1 w2)2
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Driver 1
Driver 2

Driver 3
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Driver 1
Driver 2
Driver 3
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A delay differential equations model

In the previous model, reaction time is instantaneous.
In practice, this is known to be incorrect: reflexes and psychology play a role.

It takes at least a few instants to acknowledge a change of speed in the car in front.

vvyyy

If the change of speed is not threatening, then you may not want to react right
away.

v

When you press the accelerator or the brake, there is a delay between the action
and the reaction..
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A delayed model of traffic flow

We consider the same setting as previously, except that now, for t > 0,

tpy1(t) = Aun(t = 7) = tnpa(t = 7)), ()

forn=1,...,N —1. Here, 7 > 0 is called the time delay (or time lag), or for short,
delay (or lag).

If 7 =0, we are back to the previous model.
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Initial data

For a delay equation such as (5), the initial conditions become initial data. This initial
data must be specified on an interval of length 7, left of zero.

This is easy to see by looking at the terms: u(t — 7) involves, at time t, the state of u
at time t — 7. So if t < 7, we need to know what happened for t € [—T,0].

So, normally, we specify initial data as
un(t) = ¢(t) for t € [-7,0],

where ¢ is some function, that we assume to be continuous. We assume v (t) is known.

Here, we assume, for n=1,..., N,
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Important remark

Although (5) looks very similar to (1), you must keep in mind that it is in fact much
more complicated.

» A solution to (1) is a continuous function from R to R (or to R" if we consider the
system).
» A solution to (5) is a continuous function in the space of continuous functions.

» The space R” has dimension n. The space of continuous functions has dimension
Q0.

We can use the Laplace transform to get some understanding of the nature of the
solutions.
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The Laplace transform

Definition 11 (Laplace transform)

Let f(t) be a function defined for t > 0. The Laplace transform of f is the function
F(s) defined by

F(s) = L{f(t)} = /0 T emste (1),

The Laplace transform is a linear operator:

L{af(t) + bg(t)} = aLl{f(t)} + bL{g(t)}.
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Rules of transformation

t-domain s-domain
af (t) + bg(t) aF(s) + bG(s)
tf(t) —F'(s)
t"f(t) (—1)"F(")(s)
f! sF(s) — f(0)
" s?F(s) — sf(0) — £'(0)
£(n) s"F(s) —s"1£(0) — --- — F("=1)(0)
@ fsoo F(u)du
Js f(u)du = u(t) = f(t) L1F(s)
f(at) )
et f(t) F(s—a)
f(t—a)u(t—a) e ?*F(s)
f(t) = g(t) F(s)G(s)
Here £(1) represents the nth derivative, not the nth iterate. x is the convolution

product.
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Dirac delta — Heaviside function

In the table on the following slide,
» 4(t) is the Dirac delta,
00
o(t) =
(t {0

» H(t) is the Heaviside function,

H@):{?

Note that H(t) = [*__ &(s)ds.

p. 56 — The Laplace transform
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Transforms of common functions

t-domain s-domain
i(t) 1
o(t—r7) e "
H(t) .

H(t —T) =
%HIH(t) 5n1+1

e *H(t) sia
sin(wt)H(t) &
cos(wt)H(t) i
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Inverse Laplace transform

Definition 12

Given a function F(s), if there exists f(t), continuous on [0,00) and such that
L{f}=F,
then f(t) is the inverse Laplace transform of F(s), and is denoted f = L71{F}.

Theorem 13

The inverse Laplace transform is a linear operator. Assume that L~*{F} and L71{F,}
exist, then

LY aF + bRy} = aL Y{F} 4+ bL7HF,).

p. 58 — The Laplace transform



Solving differential equations using the Laplace transform

Take the Laplace transform of both sides of the equation.
Using the initial conditions, deduce an algebraic system of equations in s-space.

Solve the algebraic system in s-space.

sl e

Take the inverse Laplace transform of the solution in s-space, to obtain the
solution of the differential equation in t-space.
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Let
Ueia(s) = Llua()} = [ e ua(e)ee

Since we have assumed initial data of the form
up(t) =0 for t < (n—1)r,
we have

Uk+1(s):/ e fup,1(t)ds.
k

T
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Since upy1(t) =0 for t < nr,

oo

/ et u1(8)dt = [ (t)e ] + s / e i1 (£)dt
0 kT

= sUx+1(5)
and

/ e Tu(t —7)dt = / e u i (t —7)dt
0 (

k—1)1
o0
= / e s(t+7) ug(T)dr
(k—2)1
= e T Uk(s),
since e *tuy1(t) — 0 for the improper integral to exist.

Note that we could have obtained this directly using the properties of the Laplace
transform.
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Multiply
Upy1(t) = Mun(t = 7) = upa(t — 7))
by e™*F,
e "ty 1(t) = Xe " (un(t — 7) — tpr1(t — 7))
integrate over (0, 00) (using the expressions found above),
SUnt1(s) = A(e*"Un(s) — " Unsa(s))
which is equivalent to

AUn(s)
Unia(s) = 3 oeer

Thus, when Ui (s) is known, we can deduce the values for all U,,.
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Suppose
u(t) = asin(wt)

From the table of Laplace transforms, it follows that

w
Uls)=amrn
Therefore,
_AUi(s) A w

Us — _
27 Ntset  “hfset 212

and we can continue..

However, even though we know the solution in s-space, it is difficult to get the behavior
in t-space, by hand, and maple does not help us either.
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