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Markov chains



We conduct an experiment with a set of r outcomes,

S=1{5.,....57}.

The experiment is repeated n times (with n large, potentially infinite).
The system has no memory: the next state depends only on the present state.

The probability of S; occurring on the next step, given that S; occurred on the last
step, is
pij = p(Sj]Si)-

p. 2 — Markov chains



Suppose that S; is the current state, then one of S1,...,S, must be the next state;
therefore,
pin+pi2t+--+pir=1 1<i<r.

(Note that some of the pj; can be zero, all that is needed is that > 7 _; p;j = 1 for all i.)
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Markov chain

Definition 1

An experiment with finite number of possible outcomes Si, ..., S, is repeated. The
sequence of outcomes is a Markov chain if there is a set of r? numbers {p;} such that
the conditional probability of outcome S; on any experiment given outcome S; on the
previous experiment is pj;, i.e., for 1 <i,j<r,n=1,..,

pij = Pr(S; on experiment n+ 1|S; on experiment n).

The outcomes Sy, ..., S, are the states, and the pj;; are the transition probabilities. The
matrix P = [pjj| is the transition matrix.
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Transition matrix

The matrix
pi1 P12 - Ppir
p— P21 P22 - P2r
Pri Pr2 - Prr
has

» nonnegative entries, p; > 0
> entries less than 1, p; <1
» row sum 1, which we write

r
Zp;jzl, i=1...,r
j=1

or, using the notation 17 = (1,...,1),

P1=1

p. 5 — Markov chains



A simple genetic model



Simple Mendelian inheritance

A certain trait is determined by a specific pair of genes, each of which may be two
types, say G and g.

One individual may have:
» GG combination (dominant)
» Gg or gG, considered equivalent genetically (hybrid)

» gg combination (recessive)

In sexual reproduction, offspring inherit one gene of the pair from each parent.

p. 7 — A simple genetic model



Basic assumption of Mendelian genetics

Genes inherited from each parent are selected at random, independently of each other.
This determines probability of occurrence of each type of offspring. The offspring

» of two GG parents must be GG,

» of two gg parents must be gg,

» of one GG and one gg parent must be Gg,
>

other cases must be examined in more detail.

p. 8 — A simple genetic model



GG and Gg parents

G G Glg Parents
‘/‘ \
G|G G g‘ G| G Gl g Offspring

Offspring has probability
1
> 5 of being GG

[y

» — of being Gg

No
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Gg and Gg parents

G g Glg Parents
A/‘%A
G|G Glg 9/G g/ g| Offspring

Offspring has probability

> % of being GG
> — of being Gg

» — of being gg

AR NR
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gg and Gg parents

g9 Glg Parents
A/V%A
gl|G g g‘ gl|G g g Offspring

Offspring has probability
> % of being Gg

[

» — of being gg

N
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Repetition of the process



General case

Let p;i(n) be the probability that the state S; will occur on the n" repetition of the
experiment, 1 </ <r.

Since one the states S; must occur on the nt" repetition,

pi(n) + p2(n) + - -+ pr(n) = 1.
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Let p;(n+ 1) be the probability that state S;, 1 < i < r, occurs on (n+ 1) repetition
of the experiment.

There are r ways to be in state S; at step n+ 1:
1. Step nis S;. Probability of getting S; on n' step is p1(n), and probability of
having S; after S; is p1;. Therefore, by multiplication principle,
P(SilS1) = p1ip1(n).
2. We get S, on step n and S; on step (n+1). Then P(S;|S2) = paip2(n).

r. Probability of occurrence of S; at step n+ 1 if S, at step nis P(5;|S,) = pripr(n).
Therefore, p;j(n+ 1) is sum of all these,

pi(n+1) = P(5;|S1) +--- + P(Si|S))
= p1ipi(n) + -+ + pripe(n)
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Therefore,
p1(n+1) = p11p1(n) + parp2(n) + - - + prapr(n)

pi(n+ 1) = prepr(n) + pakp2(n) + - - - + prcpr(n)

pr(n+1) = p1p1(n) + p2rp2(n) + - -+ + prepr(n)

p. 15 — Repetition of the process



In matrix form

p(n+1)=p(n)P, n=1,273,... (2)

where p(n) = (p1(n), p2(n),...,pr(n)) is a (row) probability vector and P = (pj;) is a
r X r transition matrix,

p11 P12 -+ Ppir
p— P21 P22 - P2r
Pri Pr2 - Prr
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So, what we have is

(pr(n+1),....,p(n+1)) =

(pl(n)’ ) pr(n))

It is easy to check that this gives the same expression as (1).

p. 17 — Repetition of the process
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For our genetic model..

Consider a process of continued matings.

» Start with an individual of known or unknown genetic character and mate it with a
hybrid.

» Assume that there is at least one offspring; choose one of them at random and
mate it with a hybrid.

> Repeat this process through a number of generations.

The genetic type of the chosen offspring in successive generations can be represented by
a Markov chain, with states GG, Gg and gg. So there are 3 possibles states 51 = GG,
S, = Gg and 53 = gg.

p. 18 — Repetition of the process



We have

The transition probabilities are thus

p. 19 — Repetition of the process

S| GG Gg  gg
GG| 05 05 0
Gg | 0.25 0.5 0.25
gg 0 0.5 05
o (170
IR
2 2



Stochastic matrices

Definition 2 (Stochastic matrix)

The nonnegative r x r matrix M is stochastic if 337, aj =1foralli=1,2,...,r.

Theorem 3

Let M be a stochastic matrix M. Then all eigenvalues \ of M are such that |\| < 1.
Furthermore, A = 1 is an eigenvalue of M.

To see that 1 is an eigenvalue, write the definition of a stochastic matrix, i.e., M has
row sums 1. In vector form, M1 = 1. Now remember that )\ is an eigenvalue of M,
with associated eigenvector v, iff Mv = Av. So, in the expression M1 = 1, we read an
eigenvector, 1, and an eigenvalue, 1.
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Long “time" behavior

Let p(0) be the initial distribution (row) vector. Then

p(1) = p(0)P
p(2) = p(1)P
= (p(0)P)P
= p(0)P?

Iterating, we get that for any n,

Therefore,
lim p(n)= lim p(0)P" = p(0) lim P"

n—-+400 n—-+00 n—-+00
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Additional properties of stochastic matrices

If M, N are stochastic matrices, then MN s a stochastic matrix.

If M is a stochastic matrix, then for any k € N, Mk is a stochastic matrix.

p. 22 — Repetition of the process



Regular Markov chains



Regular Markov chain

Definition 6 (Regular Markov chain)

A regular Markov chain is one in which P¥ is positive for some integer k > 0, i.e., PX
has only positive entries, no zero entries.

Definition 7

A nonnegative matrix M is primitive if, and only if, there is an integer k > 0 such that
M¥ is positive.

Theorem 8
A Markov chain is regular if, and only if, the transition matrix P is primitive.

p. 24 — Regular Markov chains



Important result for regular Markov chains

Theorem 9

If P is the transition matrix of a regular Markov chain, then
1. the powers P" approach a stochastic matrix W,
2. each row of W is the same (row) vector w = (wi, ..., w;,),

3. the components of w are positive.

So if the Markov chain is regular,

lim p(n) =p(0) lim P"=p(0)W

n—-o00 n—-+o0o

p. 256 — Regular Markov chains



Left and right eigenvectors

Let M be an r x r matrix, u, v be two column vectors, A € R. Then, if
Mu = Au,
u is the (right) eigenvector corresponding to A, and if
viM=xvT

then v is the left eigenvector corresponding to A. Note that to a given eigenvalue there
corresponds one left and one right eigenvector.

p. 26 — Regular Markov chains



The vector w is in fact the left eigenvector corresponding to the eigenvalue 1 of P.
(We already know that the (right) eigenvector corresponding to 1 is 1.)

To see this, remark that, if p(n) converges, then p(n+ 1) = p(n)P, so w is a fixed
point of the system. We thus write

wP =w

and solve for w, which amounts to finding w as the left eigenvector corresponding to
the eigenvalue 1.

Alternatively, we can find w as the (right) eigenvector associated to the eigenvalue 1
for the transpose of P,
PTwT —wT

p. 27 — Regular Markov chains



Now remember that when you compute an eigenvector, you get a result that is the
eigenvector, to a multiple.

So the expression you obtain for w might have to be normalized (you want a probability
vector). Once you obtain w, check that the norm [|w|| defined by

Il = + e+ w,

is equal to one. If not, use
w

[[wl]

p. 28 — Regular Markov chains



Back to genetics..

The Markov chain is here regular. Indeed, take the matrix P,

o
O BI=NI=
NN =N =
=R~ O

and compute P?:

P? =

00| = [ 00| W
NN =N =
0| Lo [ =00 =

As all entries are positive, P is primitive and the Markov chain is regular.

p. 29 — Regular Markov chains



Another way to check regularity:

Theorem 10

A matrix M is primitive if the associated connection graph is strongly connected, i.e.,
that there is a path between any pair (i, j) of states, and that there is at least one
positive entry on the diagonal of M.

This is checked directly on the transition graph

0.5

GG
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Compute the left eigenvector associated to 1 by solving

L 1 g
i1 1
(wi, wo,w3) [ 3 ? 1 |- (wi, wp, ws3)

o 1 1

2 2

1 1
§W1 + ZW2 =w (33)

1 1 1
§W1—|-§W2+§W3:W2 (3b)

1 1
ZW2+§W3 = w3 (3c)

From (3a), w1 = wy/2, and from (3c), w3 = wyp /2. Substituting these values into (3b),

LS S
42 2W2 4W2_W27

: . _(111
that is, wa = wp, i.e., wo can take any value. So w = (3,5, 7)-
p. 31 — Regular Markov chains



Absorbing Markov chains



Mating with a GG individual

Suppose now that we conduct the same experiment, but mate each new generation
with a GG individual instead of a Gg individual. Transition table is

/' | GG Gg gg
GG| 1 0 o0
Gg | 05 05 0
gg | O 1 0

The transition probabilities are thus

1 00

_ 1 1
P=1|35 5 0
0 1 0

p. 33 — Absorbing Markov chains



New transition graph

1
0.5 Gg

Clearly:

> we leave gg after one iteration, and can never return,
p. 34 — pAbsgrbing Markey chains |anva (Co we ran naver ratiivn

0.5



Absorbing states, absorbing chains

Definition 11

A state S; in a Markov chain is absorbing if whenever it occurs on the n'" generation of
the experiment, it then occurs on every subsequent step. In other words, S; is absorbing
if pii =1 and p;j =0 for i # J.

Definition 12

A Markov chain is said to be absorbing if it has at least one absorbing state, and if from
every state it is possible to go to an absorbing state.

In an absorbing Markov chain, a state that is not absorbing is called transient.
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Some questions on absorbing chains

Suppose we have a chain like the following:

Does the process eventually reach an absorbing state?

Average number of times spent in a transient state, if starting in a transient state?

Average number of steps before entering an absorbing state?

Sl S

Probability of being absorbed by a given absorbing state, when there are more than
one, when starting in a given transient state?
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Reaching an absorbing state

Answer to question 1:

In an absorbing Markov chain, the probability of reaching an absorbing state is 1.

p. 37 — Absorbing Markov chains



Standard form of the transition matrix

For an absorbing chain with k absorbing states and r — k transient states, the transition

matrix can be written as
(T 0
= <R o)

Absorbing states Transient states
Absorbing states T 0
Transient states R Q

with following meaning,

with I the k x k identity matrix, 0 an k x (r — k) matrix of zeros, R an (r — k) X k
matrix and Q an (r — k) x (r — k) matrix.
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The matrix I,_, — Q is invertible. Let
> N = (I,_x — Q)~! be the fundamental matrix of the Markov chain
» T; be the sum of the entries on row / of N
» B = NR.

Answers to our remaining questions:
2. Njj is the average number of times the process is in the jth transient state if it
starts in the jth transient state.
3. T; is the average number of steps before the process enters an absorbing state if it
starts in the ith transient state.

4. Bjj is the probability of eventually entering the jth absorbing state if the process
starts in the ith transient state.

p. 39 — Absorbing Markov chains



Back to genetics..

The matrix is already in standard form,

P =

O N =

withl; =1, 0= (0 0) and

p. 40 — Absorbing Markov chains
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We have

SO

Then

and

p. 41 — Absorbing Markov chains



The drunk man’s walk, 1.0

» chain of states Sq,...,5,

» if instate S;, i =2,...,p— 1, probability 1/2 of going left (to S;_1) and 1/2 of
going right (to Sj41)

> if in state S, probability 1 of going to S,

» if in state S, probability 1 of going to Sp—1

1 1/2 1/2 1/2 1/2 1/2 1/2
CYPRRCCHCCH M CH R Ch Eode oy (5
1/2 1/2 1/2 1/2 1/2 1/2 1

p. 42 — Random walks



The transition matrix for DMW 1.0

Clearly a primitive matrix, so this is an regular Markov chain.

p. 43 — Random walks

1/2
0

0
1

1/2
0




We need to solve w' P = w', that is,

p. 44 — Random walks

1

~Wp_3 +

2 P

1
2

Wp—2 + Wp =

~Wp_1

p—1 =

w1

w2

w3



Express everything in terms of wy:

Wo :2W1
1
W1+§W3:W2<:>W3:2(W2—W1):2W1
1 1 1
S + SWa = ws < wy =2(ws — §W2) =2(wz —wi) =2wm
§W3 + §W5 =ws & ws =2(wg — §W3) =2(ws —wi) =2m
1
§Wp_3 + EWp_l =Wp 2 Wy 1 =2m
1 1
Ewp_z + Wp = Wp_1 & Wp = Wp_1 — Ewp_z =w
1
SWp-1 = Wp (confirms that w, = wy)

p. 45 — Random walks



So we get

We have

p. 46 — Random walks



Since

P
Z w; =2wy(p — 1)
i=1
to get a probability vector, we need to take
1
w1 =
2(p—1)

So

- 1 1 1 1
W = b AR ] b
2(p—1) p—1 p—12(p—1)

p. 47 — Random walks



Now assume we take an initial condition with p(0) = (1,0,...,0), i.e., the walker starts
in state 1. Then

lim p(t) = p(O)W = p(0)w = p(0) - w

t—o0
SO

1 1 1 1
lim p(t) =(1,0,...,0)- ) ey ,
t—o0 2(p-1) p-1 p—12(p—1)

p. 48 — Random walks



The drunk man’s walk, 2.0

» chain of states 51,...,5,

» if in state S;, i =2,...,p— 1, probability 1/2 of going left (to S;_1) and 1/2 of
going right (to Sjy1)

» if in state S;, probability 1 of going to $;

> if in state Sy, probability 1 of going to S,

1

[\ 1/2 12 1/2 2 1/2 5
Somin (Sl 1S, Bl ISl B, sMe(s,

1/2 1/2 1/2 1/2 1/2

p. 499 — Random walks



The transition matrix for DMW 2.0

p. 50 — Random walks

1/2
0

0

1/2
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Put P in standard form

Absorbing states are S; and Sp, write them first, then write other states.

Si Sy S S5 Sy - Sy S,
SS$ |1 0 0 0 0 --- 0 0
S, 1 0 0 0 0 0
S, |12 0 0 1/2 0 0 0
Ss |0 0 1/2 0 1/2 0 0
So2/ 0 0 0 0 0 - 0 1/2
Ser| 0 172 0 0 0 - 1/2 0

So we find
(I, 0
P=(% o)
where 0 a 2 x (p — 2)-matrix, R a (p —2) x 2 matrix and Q a (p — 2) X (p —2) matrix

p. 51 — Random walks



and

p. 52 — Random walks

1/2

0
1/2

1/2
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]Ipf2 - Q =

0
0

~1/2

~1/2

~1/2

This is a tridiagonal symmetric Toeplitz matrix

p. 53 — Random walks
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1
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Inverting a symmetric tridiagonal matrix

We want to use the following result (found for example in some slides of Gérard
Meurant about Tridiagonal matrices): if

a; P
Br ax B
Bk—2 k-1 Pr-1
Br-1 ok
2
61—&1, 6'[':05]*]7717 _2’ ak
51
2
d* = ay, dj(k)—OzJ—B(Jk),j:k 1,....1
i1

then we have the result on the next slide

p. 54 — Random walks



Inverse of a symmetric tridiagonal Toeplitz matrix

The inverse of the symmetric tridiagonal Toeplitz matrix Ji is given by

. d) ... gt
G A

—1y. _ Titl Tk oy

(i i Si- - Ok ) Vi

p. 55 — Random walks



Note that ¢y = -+ = ay = 1 and ﬁ1:-~-:6k,1:—1/2. Write o :== o = 1 and

B := Pi = —1/2. We have 6; = a = 1, and the general term takes the form
B2 1
6:04_7:1— 5 :2,. ,k
J 51 25,1’

1 3
Jp=1—>=~>
2 4 4
1 2
3=1——5=7
43 3

1 3 5

N 42 8 8

1 2 3

Gp=l-—=1-2="=

43 5 5

1 5 7

6 43 12 12

1 3 4

bp=1-—=1-2="=

445 7 7
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Taking a look at the few terms in the sequence, we get the feeling that

2n+1 n+1
d ¢ =
and 02p41 on 1

62n =

A little induction should confirm this. Induction hypothesis (changing indices for odd §):

5 _ n
D - 2n—=1 = 2p71
n- 2n+1

02n =~ T4n

Py is true. Assume P;. Then

1 1 j j+1
g =1— " =1 - —1_ -
2t 48y 4ZHL 2/+1 2j+1
so_q_ L1 241 2(+1)+1
2j+2 4'62j+1 42jj+7+11 4-(] + 1) 4-(] + 1)

So Pj41 holds true
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In fact, we can go further, by expressing

2n+1 n+1
d é =
an 2n+1 on+1

52n =

in terms of odd and even j. If j is even,

while if j is odd,

But the latter gives

so this formula holds for all j’s

p. 58 — Random walks




For the dj(k)'s, we have d,Ek) =1 and

1
d® —1
J (k)
1]
So d,gk) =01 and
K < _Jt1
dk_j"'_l_é‘/_Tj’ _j—2, .,k
The form )
O'j( ) — Ok—jt1
will also be useful. In summary,
01 0> dj Ok—1 Ok
k k k k k
T P[4 |4
1 3. oI k| kil
g 2] 2(k—1) 2k
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In J71, the following terms appear

FONO
N AR
k

and
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We have, Vi,

4 ..

i+1 o 5k—(i+1)+1 T 5k—k+1

p. 61 — Random walks
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