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Source of the material

The material in these slides is mostly derived from [AxI15]
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Sets and elements

Logic



Sets and elements



Sets and elements

Definition 2.1 (Set)

A X is a collection of

We write x € X or x ¢ X to indicate that the element x belongs to the set X or does
not belong to the set X, respectively.

Definition 2.2 (Subset)

Let X be aset. Theset Sis a of X, which is denoted S C X or S C X, if all
its elements belong to X. S is a of X if it is a subset of X and not
equal to X; we then write S C X.

Smith reserves C for C. | learned C for not specified (proper or not) and C for proper.
So beware!

p. 4 — Sets and elements



Quantifiers

» A shorthand notation for “for all elements x belonging to X" is Vx € X. For
example, if X = R, the field of real numbers, then Vx € R means “for all real
numbers x".

» A shorthand notation for “there exists an element x in the set X" is dx € X.

Sometimes we write d!x € X for “there exists a xin X".

» V and 3 are

v

p. 5 — Sets and elements



Intersection and union of sets
Let X and Y be two sets.
Definition 2.3 (Intersection)

The intersection of X and Y, XN Y, is the set of elements that belong to X toY

XNY={x:xeX xeY}

Definition 2.4 (Union)
The union of X and Y, X U Y, is the set of elements that belong to X or to Y

XUY={x:xeXorxeY}

Use of the expression “and/or" is strictly forbidden in this course! “Or but not and”
(a.k.a. , exclusive or) is (XU Y)\ (X NY).

p. 6 — Sets and elements



Logic



A few notions of logic

In a logical sense, a is an assertion (or statement) whose truth value (true
or false) can be asserted. For example, a theorem is a proposition that has been shown
to be true. “The sky is blue” is also a proposition.

Let A be a proposition. We generally write

A

to mean that A is true, and
not A

to mean that A is false. We also write —A. not A is the of A.

p. 7 — Logic



A few notions of logic (cont.)

Let A, B be propositions. Then
» A= B (read A implies B) means that whenever A is true, then so is B.

» A< B, also denoted A if and only if B (A iff B for short), means that A= B
B = A. We also say that A and B are equivalent.

Let A and B be propositions. Then
(A= B) < (not B = not A)

This is useful for proving some results.

p. 8 — Logic



Necessary and/or sufficient conditions

Suppose we want to establish whether a given statement P is true, depending on the
truth value of a statement H. Then we say that

» Hisa if P= H.
(It is necessary that H be true for P to be true; so whenever P is true, so is H).
> Hisa if H= P.
(It suffices for H to be true for P to also be true).
» Hisa if H& P, ie., Hand P are
equivalent.

p.- 9 - Logic



Playing with quantifiers

For the quantifiers V (for all) and 3 (there exists),
3 is the negation of V

Therefore, for example, the contrapositive of

Vxe X,dyeY

IxeX,VyeY

This is also regularly used in proofs.

p. 10 - Logic



Vector spaces

Fields

Definition of vector spaces
Example — Space F”
Example — Complex numbers

Subspaces

p. 11 -



Fields



Operations

Definition 2.5 (Operations — Addition and multiplication)

An on a set V is a mapping that associates an element of the set V to
every pair of its elements

» The result of the of a and b is the suma+ b of aand b

» The result of the of a and b is the product ab (or a- b) of a and b

p. 12 — Fields



Field

Definition 2.6 (Field)

A is a set I together with two (binary) operations, addition and multiplication,
which are required to satisfy the following field axioms, where a, b, ¢ € F:
> of addition and multiplication: a+ (b+ ¢) = (a+ b) + ¢ and

a(bc) = (ab)c
of addition and multiplication: a+ b= b+ a and ab = ba
and :30,1€F,0+#£1,st. a+0=aandal=a
:VacF, 3—aclFst. a+(—a)=0
:Va#0€elF, JalcFst aal=1
(of multiplication over addition): a(b+ ¢) = (ab) + (ac)

vvyYvyyvyy

p. 13 — Fields



Notation

» Both R and C are fields.
» From now on, F refers to R or C.
» Some results are specific to R xor C, in which case we specify the relevant field.

» If we use IF, we mean the result applies to both R and C.

p. 14 - Fields



Definition of vector spaces



Addition and Scalar multiplication

Definition 2.7 (Addition and scalar multiplication on a set)

> An on a set V is a function that assigns an element u+v € V to each
pair of elements u,v € V

> A on a set V is a function that assigns an element Av to
each A € F and eachv e V

p. 15 — Definition of vector spaces



Vector space

Definition 2.8 (Vector space)

A (over F) is a set V along with an addition on V and a scalar
multiplication on V such that the following properties (axioms) hold
1. Vuuve V,u+v=v+u [

2. Vuyv,w e VandVa,beF, (u+v)+w=u+(v+w)and (ab)v = a(bv)
[

3.0y e Vst. WeV,v+0y=v [
4. VeV, dwe Vst v+w=0y [
5. WweV, lv=v [

6

. Va,b€F and Vu,v € V, a(lu+v) =au+ av and (a+ b)v = av + bv

[

p. 16 — Definition of vector spaces



Results

Theorem 2.9 (Uniqueness of the additive identity)

A vector space V' has a unique additive identity 0y € V

Theorem 2.10 (Existence and uniqueness of additive inverse)

Let V be a vector space. Then eachv € V has a unique additive inverse, denoted —v
We also define v —w as v + (—w).

Theorem 2.11

> YveV, Opv=0,.
> Va €¢F, a0y =0y.
> WeV, (—1lv=—v.

p. 17 — Definition of vector spaces



Vector space

Definition 2.12 (Vector space)

A (over IF) is a set V along with an addition on V and a scalar
multiplication on V such that the following properties (axioms) hold

1. Vuuve V,u+v=v+u [

2. YVuvywe V, (u+v)+w=u+(v+w) [

3.0y e Vst WweV,v+0y =v [

4. WweV, Al—ve Vst v+ (—v)=0y [

5. Va€F and Yu,v € V, a(u+v) = au + av [

6. Va,b € F and Yu e V, (a+ b)v = av + bv [

7. Ya,b € F, (ab)v = a(bv) [

8. WeV, lv=v [

p. 18 — Definition of vector spaces



Example — Space F”



IF" is a vector space

Typically called Euclidean space when F = R.

p. 19 - Example — Space F"



Definition 2.13

Let 0 # n e N. An n- is an ordered collection of n elements,

(X125 Xn)

Definition 2.14
Let 0 £ n € N. F” is the set of all n-tuples of elements of [F:

Fn:{(Xl,.u,Xn):X_jE]FfOI‘j:]_’,__’n}

» Often write x = (x1,...,x,) for short.
» For a given j € {1,...,n}, x; is the jth of x.
» Think of R?, R3, R" that you saw in whatever flavour of Linear Algebra 1 you took.

p. 20 — Example — Space F"



Addition in "

Definition 2.15 (Addition in F")
Let x = (x1,...,%n), ¥ = (V1,---,¥n) € F". Then

X+y:(Xla"‘7Xn)+(y17"'7yn):(X1+y17"‘7xn+yn)

Property 2.16 (Commutativity of addition in ")

Let x,y € F", then
Xt+ty=y+x

p. 21 - Example — Space F"



0 and additive inverse in "

Definition 2.17 (0)

0 denotes the n-tuple whose coordinates are all 0,

0=(0,...,0)

If any ambiguity arises, will write Opn

Definition 2.18 (Additive inverse)

Let x € F". The of xis —x € F" s.t.
x+(—x)=0
If x=(x1,...,%p), then —x = (—x1,..., —Xp)

p. 22 — Example — Space F"



Scalar multiplication in F”

Definition 2.19 (Scalar multiplication)
The of \eFand x € F"is

Ax = A(X1, ...y Xn) = (Axq, . ..

p. 23 - Example — Space F"

, AXp)



Example — Complex numbers



Complex numbers

Definition 2.20 (Complex numbers)

A is an ordered pair (a, b), where a, b € R. Usually written a+ ib or
a+ bi, where 2 = —1
The set of all complex numbers is denoted C,

C={a+ib:a,beR}

p. 24 — Example — Complex numbers



Definition 2.21 (Addition and multiplication on C)
Letting a+ ib and ¢ + id € C, addition on C is defined by

(a+ib)+ (c+id)=(a+c)+i(b+d)
and multiplication on C is defined by

(a+ ib)(c + id) = (ac — bd) + i(ad + bc)

Latter equality easy to obtain using regular multiplication and i? = —1

p. 25 — Example — Complex numbers



Properties

VYa, 8,7y € C,

> a+B8=0F+aand af = fa
(a+8)+7=a+(8+7)and (af)y = a(B)
y+0=vyand 71 =7~
Va € C, 38 € C uniquest. a+ =0
Va#0€C, 38 € C unique s.t. af =1

> Y(a+B)=ya+8
Thus C is a field.

>
>
>
>

p. 26 — Example — Complex numbers
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Additive & multiplicative inverse, subtraction, division

Definition 2.22

Let a,8 € C
» —q is the additive inverse of o, i.e., the unique number in C s.t. a4+ (—a) =0
» Subtraction on C:

B—a=pF+(-a)
» For a # 0, 1/« is the multiplicative inverse of a, i.e., the unique number in C
s.t.
a(l/a)=1
» Division on C:
B/a=pB(1/a)

p. 27 — Example — Complex numbers



Definition 2.23 (Real and imaginary parts)

Let z=a+ib. Then Rez=ais andImz=bis of z
If ambiguous, write Re (z) and Im (2)

Definition 2.24 (Conjugate and Modulus)
Let z=a+ ibe C. Then

> of z is
z=Rez—i(Imz)=a—ib

> (or ) of z is

2] = \/(Re 22 + (Im 2)2 = Va2 + B2 > 0

p. 28 — Example — Complex numbers



Properties of complex numbers

Let w,z € C, then

> z4+Z=2Rez

> z—z=2ilmz

> 27 = |z|?

» w+z=w+Zand wz =wz

> zZ=1z

» |Re z| < |z| and |Im z| < |z|

> |z = 2]

> |wz| = |w| |2]

> |w+z| < |w|+|Z] [triangle inequality]

p. 29 — Example — Complex numbers



Subspaces



Subspace

Definition 2.25 (Subspace)

Let V be a vector space over F. Let U C V be a subset of V. Then U is a
of V if U is a vector space over [ for the same operations of addition and scalar

multiplication as V

Theorem 2.26 (Conditions for a subspace)

U C V is a subspace of V. <= U satisfies the following three conditions:
> 0y c U [
> Vuve U u+vel [
> Vue U, VaeF,aue U [

The smallest possible subspace of V is {0y}, the largest is V.

p. 30 — Subspaces



Sums of subspaces

Definition 2.27 (Sum of subsets)

Let V be a vector space and Uy, ..., U, be subsets of V. The of Up,...,Un is

Ui+ 4+ Upn={ui+--+un:u € Up,...,un € Up}

Theorem 2.28

Let V be a vector space and U, ..., U, be subspaces of V. Then Uy + ---+ Uy is
the smallest subspace of V' containing U, ..., Un

p. 31 — Subspaces



Direct sums

Definition 2.29 (Direct sum)

Suppose Ui, ..., U, are subspaces of a vector space V. The sum Uy + -+ Uy, is a
and is then written Uy & - -- & U,, if each element of U; +---+ U, can be
written in only one way as a sum ug + - - - + up,, where each u; € U;

Theorem 2.30 (Condition for a direct sum)

Suppose Uy, ..., U, are subspaces of a vector space V. Then Uy +---+ U, is a
direct sum <= the only way to write 0 as a sum uy + - - - + up,, where each u; € U;,
is by taking each u; equal to 0y

Theorem 2.31 (Direct sum of two subspaces)

Let U, W be subspaces of a vector space V. Then U+ W is a direct sum <~
unWw = {0\/}

p. 32 — Subspaces



Finite-dimensional vector spaces
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Dimension
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Span and Linear independence



Definition 2.32 (Linear combination)

A of a list v1,...,v,, of vectors in V is a vector
aivi+ -+ amVm,

where a;,...,am € F

Definition 2.33 (Span)

The set of all linear combinations of a list of vectors vq,...,v,, is the of
Vi,...,Vmp,

span(vy,...,vp) ={aivi+ -+ amVm : a1,...,am € F}

The span of the empty list () is {0y}

p. 34 — Span and Linear independence



Finite/infinite-dimensional vector spaces

Theorem 2.34

The span of a list of vectors in V' is the smallest subspace of V' containing all the
vectors in the list

Definition 2.35 (List of vectors spanning a space)

If span(vi,...,vpm) =V, wesay vi,...,vpy Vv

Definition 2.36 (Finite-dimensional vector space)

A vector space V is if some list of vectors in it spans V

Definition 2.37 (Infinite-dimensional vector space)

A vector space V is if it is not finite-dimensional

p. 35 — Span and Linear independence



Linear (in)dependence

Definition 2.38 (Linear independence/Linear dependence)

A list vi,...,vp, of vectors in a vector space V is if
(aavi+--+amvm=0) & (a1 =---=am=0),

where aj,...,am € F. A list of vectors is if it is not linearly

independent.

The empty list () is assumed to be linearly independent

p. 36— Span and Linear independence



Lemma 2.39 (Linear dependence)

Let vi,...,vy be a linearly dependent list in a vector space V. Then there exists
Jj€{1,2,...,m} s.t.
1. vj € span(vi,...,Vj_1)
2. if the jth term is removed from v1, ...V, the span of the remaining list equals
span(vi,...,Vpy)

Theorem 2.40

Let V be a finite-dimensional vector space. Then the length of every linearly

independent list of vectors is less than or equal to the length of every spanning list of
vectors

Theorem 2.41 (Subspace of a finite-dimensional vector space)

Every subspace of a finite-dimensional vector space is finite-dimensional

p. 37 — Span and Linear independence



Bases



Basis

Definition 2.42 (Basis)

Let V be a vector space. A of V is a list of vectors in V that is both linearly
independent and spanning

Theorem 2.43 (Criterion for a basis)

A list v1,...,vpy of vectors in a vector space V is a basis of V iff¥Vv € V, v can be
written uniquely in the form

vV=awvi+ -+ amVm,

where a1,...,am € F

p. 38 — Bases



Theorem 2.44 (All spanning lists contain a basis)

Every spanning list in a vector space can be reduced to a basis of the vector space

Theorem 2.45 (Basis of finite-dimensional vector space)

Every finite-dimensional vector space has a basis

Theorem 2.46 (Extension to a basis)

Every linearly independent list of vectors in a finite-dimensional vector space can be
extended to a basis of the vector space

Theorem 2.47

Let V' be a finite-dimensional vector space and U C V be a subspace of V. Then
dW C V subspace of V s.t. V=U® W

p. 39 — Bases



Dimension



Theorem 2.48 (Bases of a finite-dim. space have equal length)

Any two bases of a finite-dimensional vector space have the same length

Definition 2.49 (Dimension)

The dim V of a finite-dimensional vector space V is the length of any basis
of the vector space

Theorem 2.50 (Dimension of a subspace)

Let V' be a finite-dimensional vector space and U C V be a subspace of V. Then
dim U < dimV

p. 40 — Dimension



Theorem 2.51

Let V be a finite-dimensional vector space. Then every linearly independent list of
vectors in V' with length dim V is a basis of V

Theorem 2.52

Let V be a finite-dimensional vector space. Then every spanning list of vectors in V
with length dim V is a basis of V

Theorem 2.53 (Dimension of a sum of subspaces)

Let Uy, Uy be subspaces of a finite-dimensional vector space V. Then

dim (U1 + U2) =dim Uy +dim Uy — dim (Ul N U2)

p. 41 — Dimension



Linear maps

Vector space of linear maps

Null spaces and Ranges

Matrices

Invertibility and Isomorphic vector spaces
Products and quotients of vector spaces

Duality

p. 42 -



Vector space of linear maps



Definition 2.54 (Linear map/transformation)

Let V, W be vector spaces. A (or ) from V to W is
a function T : V — W that has the following properties:

1. Vu,ve V, T(u+v) = T(u)+ T(v).

2. VAeTF, YWeV, T(Av)=AT(v).

Often, parentheses are omitted, T (u) is written Tu

The set of all linear maps from V to W is denoted L(V, W)

p. 43 — Vector space of linear maps



Theorem 2.55 (Linear maps and basis of domain)

Let V, W be two vector spaces and vy, ...,v, be a basis of V. Letwy,...,w, € W.
Then there exists a unique linear map T : V. — W s.t.

Vi=1,...,n, Tvi =w;

p. 44 — Vector space of linear maps



Definition 2.56 (Addition & Scalar multiplication)

Let V, W be vector spaces, S, T € L(V,W) and A € F. The S+ T and
AT are the linear maps from V to W defined, Vv € V, by

(S+ T)(v) =Sv+ Tvand (AT)(v) = A(Tv).

Theorem 2.57 (Linear maps are vector spaces)

Let V, W be vector spaces. Equipped with addition and scalar multiplication as just
defined, L(V, W) is a vector space.

p. 45 — Vector space of linear maps



Product of linear maps

Definition 2.58 (Product of linear maps)

Let U, V, W be vector spaces, T € L(U,V),S € L(V,W). The
ST € L(U, W) is defined for u € U by

(ST)(u) = S(Tu).

This means that the product of linear maps is the composition S o T, although
because of the linearity, we often omit the o composition sign.

p. 46 — Vector space of linear maps



Properties of products of linear maps

Theorem 2.59

1. If V., Vi, V3, W vector spaces,
T, € E(V, Vg), T, € E( Vs, \/3), T3 € ﬁ(Vg, W), then

(TiT2) T3 = T1(T2T3)
2. V, W vector spaces. Then for T € L(V, W),
Thy=lwT=T
3. U, V, W vector spaces, T, T1, T, € L(U,V),S,51,5 € L(V, W),

then
(51 + 52)T =5T+ST and S(Tl + Tz) =ST1+ 5T,

p. 47 — Vector space of linear maps



Let V, W be vector spaces, T € L(V,W). Then

T(0y) =0yp.

p. 48 — Vector space of linear maps



Null spaces and Ranges



Definition 2.61 (Null space)

Let V, W be finite-dimensional vector spaces and T € L(V, W). The
null T (or ker T) of T is the subet of V consisting of those vectors that T maps

to Opy:
nullT={veV; Tv=0y}.

Theorem 2.62 (Null space is a subspace)

Let V, W be finite-dimensional vector spaces and T € L(V,W). Then nullT is a
subspace of V

p. 49 — Null spaces and Ranges



Definition 2.63 (Injectivity)
A function T : V — Wis (or ) if

Tu=Tv=u=vw.

We can also use the contrapositive: T injective if u#v = Tu # Tv.

Theorem 2.64 (Linking injectivity and null space)
Let V, W be finite-dimensional vector spaces, T € L(V,W). Then

T injective < null T = {0y}

p. 50 — Null spaces and Ranges



Definition 2.65 (Range)

Let V, W be finite-dimensional vector spaces, T : V — W a function. The (or
) of T is the subset of W defined by

range T = {Tv;v e V}.

When talking about the image, we write Im T.

Theorem 2.66 (Range is a subspace)

Let V, W be finite-dimensional vector spaces, T € L(V,W). Then rangeT is a
subspace of W'.

p. 51 — Null spaces and Ranges



Definition 2.67 (Surjectivity)
A function T: V — W'is (or ) if

rangeT = W

Theorem 2.68 (Fundamental theorem of linear maps)

Let V be a finite-dimensional vector space and T € L(V,W). Then dimrangeT < oo
and
dimV =dimnull T 4+ dimrangeT

p. 52— Null spaces and Ranges



Theorem 2.69 (Linear map onto a smaller space is not injective)

Let V, W be finite-dimensional vector spaces such that dim V > dim W. Then
BT € L(V, W) that is injective

Theorem 2.70 (Linear map onto a larger space is not surjective)

Let V, W be finite-dimensional vector spaces such that dim V < dim W. Then
BT € L(V, W) that is surjective

p. 53 — Null spaces and Ranges



Do as exercises..

A homogeneous system of linear equations with more variables than equations has
nonzero solutions.

A nonhomogeneous system of linear equations with more equations than variables has
no solution for some choice of the constant terms

p. 54 — Null spaces and Ranges



Matrices



Definition 2.73 (Matrix)

An m-by-n or m x n matrix is a rectangular array of elements of F with m rows and n

columns,
ail -+ Ain

A=la5] =

dml *°° dmn

Remember that we always list indices as “row,column”
We denote M ,,y(F) the set of m x n matrices with entries in F

p. 55 — Matrices



Definition 2.74 (Matrix of a linear map)

Let V, W be finite-dimensional vector spaces, vi,..., Vv, a basis of V and wy,...,wp,
a basis of W. The T with respect to these bases is the matrix

M(T) € Mpmn with entries aj defined by
Tvik = apgws + -+ + amkWm
for 1 </ < n. If the bases are not clear from the context, then write

M(T,(vi,...,Vn),(Wi,...,Wn))

| will often write M rather than M(T).

p. 56 — Matrices



Most definitions are assumed known

Suppose S, T € L(V,W). Then M(S + T) = M(S)+ M(T)

Suppose T € L(V, W), X € F. Then M(AT) = AM(T)

dimF™ = mn

Suppose T € L(U,V),S € L(V,W). Then M(ST) = M(S)M(T)

p. 57 — Matrices



(AC)jk = AjsCak, 1<j<m1<k<p

and
(AC)ek = ACu, 1<k<p

Let A€ Mpmp, ¢ =(c1,...,¢cn)T € Mp1. Then

AC = C].A.l + Tt + CnA.n

p. 58 — Matrices



Change of basis

Definition 2.81 (Change of basis matrix)

B ={ui,...,u,} and C = {v1,...,v,} bases of vector space V The
Pee € Mp,
Pes = [[uile - - - [us]c]

has columns the coordinate vectors [ui]c, ..., [ua]c of the vectors in B w.r.t. C

Theorem 2.82
B={uy,...,u,} and C = {v1,...,v,} bases of vector space V' and P¢.; a change of
basis matrix from B to C

1. Vx eV, Peeplx]s = [X]e

2. Peopgst VxeV, PC(—B[X]B = [X]C is

3. Pccp invertible and P.} ;= Pg.c

p. 59 — Matrices



Row-reduction method for changing bases

Theorem 2.83

B={u1,...,uy} and C = {vy,...,v,} bases of vector space V. Let €& be any basis
for V,

B =[[ui]e, ..., [unlc] and C = [[vi]e,- .-, [vnle]
and let [C|B] be the augmented matrix constructed using C and B. Then

RREF ([C|B]) = [I|Pcss]

If working in R”, this is quite useful with £ the standard basis of R” (it does not
matter if B=2¢E)

p. 60 — Matrices



More on changing bases

Theorem 2.84 (NSC for two matrices representing the same linear map)

Let A,B € Mpupn, V and W be n and m dimensional vector spaces, respectively. Then
A and B represent the same linear transformation T € L(V, W) relative to perhaps
different bases of V and W <— 3P € M,,, Q € M,, nonsingular and such that

A= PBQ!

p. 61 — Matrices



Invertibility and Isomorphic vector spaces



Definition 2.85 (Inverse/Invertibility)

TeLl(V,W)is if 3S € L(W,V) s.t. ST =1y and TS = ly. Such a map
is the of T

Theorem 2.86 (Uniqueness of inverse)

An invertible linear map T € L(V, W) has a unique inverse denoted T !

Theorem 2.87 (NSC for invertibility)
T € L(V, W) invertible < (T injective and surjective)

p. 62 — Invertibility and Isomorphic vector spaces



Definition 2.88 (Isomorphism /Isomorphic spaces)

T eL(V,W)isan if it invertible. Two vector spaces are
there exists an isomorphism from one to the other

Theorem 2.89 (NSC for isomorphicity)

Let V, W be finite-dimensional vector spaces over F. Then

V and W are isomorphic < dim V = dim W

Theorem 2.90

Let vi,...,v, be a basis of V and wy, ..., w,, be a basis of W. Then M is an
isomorphism between M, and L(V, W)

p. 63 — Invertibility and Isomorphic vector spaces



Theorem 2.91 (Dimension of L(V, W))

Let V, W be finite-dimensional vector spaces. Then L(V, W) is finite-dimensional and

dim £L(V, W) =dim V dim W

p. 64 — Invertibility and Isomorphic vector spaces



Definition 2.92 (Matrix of a vector)

Let V be a finite-dimensional vector space, v € V and vq,..., v, a basis of V. The
of v with respect to the basis vy, ..., v, is the n x 1 matrix
(4]
M(v)=| :
Cn
where ¢1,...,c, € F are s.t.

v=cv+- -+cCyVvp

Theorem 2.93

Let V, W be finite-dimensional vector spaces, vi,...,Vv, a basis of V, wy,...,wp, a
basis of W and T € L(V,W). For k € {1,...,n}, M(T)ex = M(Tvy)

p. 65 — Invertibility and Isomorphic vector spaces



Let V., W be finite-dimensional vector spaces, vi,...,v, a basis of V, wi,...,wp a
basis of W, T € L(V,W) and v € V. Then

M(Tv) = M(T)M(v)
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Operator/Endomorphism

Definition 2.95 (Operator/Endomorphism)

Let V be a vector space. A linear map L(V, V) is an (or an
). L(V) = L(V, V) denotes the set of all operators on V

Theorem 2.96 (Injectivity equiv. to surjectivity in finite-dim.)
Let V be a finite-dimensional vector space, T € L(V). TFAE:

1. T invertible

2. T injective

3. T surjective
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Rank of an operator/endomorphism

Proposition 2.97 (Rank)

Let T € L(V) with V finite-dimensional. Then there exists bases By = {u1,...,un}
and By = {vi,...,vn} for V such that the matrix Mt of T can be written as the
block matrix
My = (diag(l,...,l) | P )
05—k k 0n—k,n—k

for some k € N called the of T, with k = rank(T) = dim(range T).
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Definition 2.98 (Row and column rank)

Let A € Mpn(F) be a matrix

» The of A is the dimension of the span of the rows of A in Mj,(F)
> The of A is the dimension of the span of the columns of A in

Row and column ranks are the dimensions of the row and column spaces of
Definition 2.102.
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Let V, W be finite-dimensional vector spaces, T € L(V,W). Then dimrangeT equals
the column rank of M(T)

Let A € M. Then the row rank of A equals the column rank of A

Definition 2.101 (Rank)
Let A € Mpn(F). The rank of A is the column (or row, by Theorem 2.100) rank of A
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Row space and column space of a matrix

Definition 2.102 (Row and column spaces)

Let A€ M,,,. The subspaces of R” and R™ spanned by the row and column vectors
of A are the and of A, respectively.

Definition 2.103 (Null space/kernel)

Let A € M. The null space (or kernel) of A is the solution space of the
homogeneous system Ax = 0.

This makes explicit the already seen definition in the special case of a matrix. As
previously seen, the null space is a subspace of R”.

Definition 2.104 (Nullity)

The dimension of the null space of A € M, is called the of A.
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Let A€ M,,. Then
1. rank(A) = rank(AT)
2. rank(A) + nullity(A) = n
3. rank(A) < min(m, n)

Consider the linear system Ax = b, with A € M,,. TFAE:
» Ax = b is consistent
» b € column space of A
> A and [A|b] have the same rank
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Let A € M, be in row-echelon form. Then
» The row vectors (€ R") with leading ones form a basis for the row space of A.

» The column vectors (€ R™) with leading ones form a basis for the column space
of A.
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Products and quotients of vector spaces



Definition 2.108 (Product of vector spaces)

Let Vi,...,V,, be vector spaces over F. The Vi XX Vpgis

Vix o xVop={(vi,...,vm)ivi € Vi,...,vp € Vp}

Theorem 2.109 (Products of vector spaces are vector spaces)

Let Vi,..., V., be vector spaces over F. Define
» addition on Vi X --- X Vi, by

(ug, ... upm) +(vi, ..., vm) = (U + Vi, .. Uy + V)
» scalar multiplication on Vi X --- x Vp, by
AV, -y vm) = (Ave, ..., Avp)

With these operations, Vi x --- x V., is a vector space over
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Theorem 2.110 (Dimension of product space)

Let Vi, ..., Vy, be finite-dimensional vector spaces. Then

dim(Vi x -+ x Vi) =dim V4 + -+ +dim V,;; < o0
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Theorem 2.111 (Product spaces and direct sums)

Let Ui,..., Uy C V be subspaces of V. Let

M: Ui x---xUp—=>U+ -+ Un
(ug,...,upm) —ur+---+upy

Then
Ui + -+ + Up, direct sum < T injective

Theorem 2.112 (NSC for direct sum)

Let V be a finite-dimensional vector space, Ui, ..., U,, subspaces of V. Then

U1@~--69Um<:)dim(U1—|—~--+Um):dimU1+"'+dimUm
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Definition 2.113 (v + U)

Let V be a vector space, U a subspace of V and v € V. Then v+ U is the subset of
V defined by
v+ U={v+uuec U}

Definition 2.114 (Affine subset/Parallel affine subset)

Let V be a vector space

> An of V is a subset of V of the form v + U for some v € V and
some subspace U of V
» For v € V and U subspace of V, the affine subset v + U is to U
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Definition 2.115 (Quotient space)

Let V be a vector space, U a subspace of V. The V/ /U is the set of
all affine subsets of V parallel to U, i.e.,

V/U={v+U,veV}

Theorem 2.116 (2 affine subsets // to U are equal or disjoint)

Let V' be a vector space, U subspace of V and v,w € V. TFAE
lL.v—-weU
2. v+U=w+U
3. (v+U)N(w+U)#0
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Definition 2.117 (Addition and scalar multiplication on V//U)

Let V be a vector space, U subspace of V. Then and
on V//U are defined for v,w € V and A € F by

v+ U)+(w+U)=(v+w)+U

and
Av+U)=(\v)+ U

Theorem 2.118 (Quotient space is a vector space)

Let V be a vector space and U subspace of V. Equipped with addition and scalar
multiplication as above, V' /U is a vector space
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Definition 2.119 (Quotient map)

Let V be a vector space, U subspace of V. The 7 is the linear map
m € L(V,V/U) defined by
m(v)=v+U

forve V
Theorem 2.120 (Dimension of quotient space)

Let V be a finite-dimensional vector space and U subspace of V. Then

dimV/U =dimV —dim U
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Definition 2.121 (T)
Let V, W be vector spaces, T € L(V, W). Define T by

T: V/(ulT) —WwW

T(v+nullT) =Tv

Theorem 2.122 (Null space and range of T)
Let V, W be vector spaces, T € L(V,W). Then

1.

TeL(V/nlT,w)

2. T injective
3.
4. V/null T isomorphic to range T

range7~_ =rangeT
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Duality



Definition 2.123 (Linear functional /form)

A (or ) on a vector space V is a linear map in L(V,F)

Definition 2.124 (Dual space)
The V* of V is the vector space V* = L(V,F) of linear functionals on V

Theorem 2.125 (dim V* = dim V)

Suppose V is a finite-dimensional vector space. Then dim V* = dim V < oo
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Definition 2.126 (Dual basis)

If vi,...,v, is a basis of the vector space V, then the of vi,...,v, is the
list 1,...,%, of elements of V*, where for j = 1,...,n, ¢;j is the linear functional on
V s.t.
(Vo) 1 ifk=j
(o)) =
PRI =0 it k£

Theorem 2.127 (Dual basis is a basis of the dual space)

Suppose V is a finite-dimensional vector space. Then the dual basis of a basis of V is
a basis of V*
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Definition 2.128 (Dual map)

Let V, W be vector spaces, T € L(V,W). The of T is the linear map
T* € L(W*, V*) defined by T*(¢) =@ o T for p € W*

Property 2.129 (Algebraic properties of dual maps)
Let U, V, W be vector spaces
> (S+T) =S"+T*forall S, T € L(V,W)
> (AT) = AT* forall N\ e F and all T € L(V, W)
> (ST)*=T*S* forall T € L(U,V) and all S € L(V, W)
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Definition 2.130 (Annihilator)
Let V be a vector space, U C V. The UY of U is defined by

VO ={pecV":YueclU, ¢(u)=0r}
Theorem 2.131 (The annihilator is a subspace)

Let V be a vector space and U C V. Then the annihilator U° is a subspace of V*

Theorem 2.132 (Dimension of the annihilator)

Let V be a finite-dimensional vector space, U C V a subspace of V. Then

dim U + dim U° = dim V
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Theorem 2.133 (Null space of T%)

Let V, W be finite-dimensional vector spaces, T € L(V,W). Then
1. nullT* = (rangeT)°
2. dimnull T* = dimnull T + dim W — dim V

Theorem 2.134 (T surjective < T* injective)
Let V, W be finite-dimensional vector spaces, T € L(V,W). Then

T surjective & T* injective
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Let V, W be finite-dimensional vector spaces, T € L(V,W). Then
1. dimrangeT* = dimrangeT
2. rangeT* = (nullT)°

Let V, W be finite-dimensional vector spaces, T € L(V,W). Then

T injective < T* surjective
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Let V, W be vector spaces, T € L(V,W). Then M(T*) = M(T)", where T denotes
the transpose
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Eigenvalues, eigenvectors and invariant subspaces

Invariant subspaces

Eigenvectors and upper-triangular matrices

Eigenspaces and diagonal matrices
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Invariant subspaces



Definition 2.138 (Invariant subspace)
Let V be a vector space, T € L(V). A subspace U of V is under T if

uclU=TueclU

In other words, U invariant under T if T|, € L(U) [see Definition 2.144]

Definition 2.139 (Eigenvalue)
Let V be a vector space, T € L(V). A scalar A € F is an of T if

ve V,v#0y, st. T(v)=Av.

| use the notation T(v) instead of Tv to emphasise that T € L(V).
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Theorem 2.140 (Conditions equivalent to being an eigenvalue)
Let V be a finite-dimensional vector space, T € L(V) and A € F. Denote Iy the
identity operator, Ip(vy € L(V) s.t. YW € V, Iz (y)yv =v. TFAE:

1. X eigenvalue of T

2. T = AMg(v) not injective

3. T — Ay not surjective

4. T — Mg(vy not invertible

Definition 2.141 (Eigenvector)

Let V be a vector space, T € L(V) and X\ € F be an eigenvalue of T. A vector v € V
is an of T corresponding to A if v# 0 and T(v) = Av
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Theorem 2.142 (Linearly independent eigenvectors)

Let V' be a vector space, T € L(V). Suppose A1, ..., Am are distinct eigenvalues of T
with corresponding eigenvectors vy, ...,Vy,. Then v, ..., v, linearly independent

Theorem 2.143 (Number of eigenvalues)

Let V be a finite-dimensional vector space, T € L(V). Then T has at most dim V
distinct eigenvalues
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Definition 2.144 (Restriction and quotient operators)

Let V be a vector space, T € L(V) and U a subspace of V invariant under T
(Def. 2.138)
» The T|y € L(U) is defined by

Tly=Tu, ueU
» The T/U € L(V/U) is defined by

(T/U)(v+U)=Tv+U, veV

For the quotient space L£(V/U), see Definition 2.138 and the results that follow
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Eigenvectors and upper-triangular matrices



Definition 2.145
Let V be a vector space, T € L(V), me N\ {0}
> T —T...T
——
m times

» TO0 =, the identity operator on V
» If T invertible with inverse T~!, then T-™ = (T~ 1)7

Definition 2.146
Let V be a vector space, T € L(V) and p € P(F) be the polynomial

p(z)=ao+aiz+---+anz", zeF
Then p(T) is the operator on £(V') defined by
p(T)=aol +a1T+---+anT™

where [ is the identity operator
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Definition 2.147 (Product of polynomials)
Let p, g € P(F), then pg € P(F) is the polynomial

(pa)(z) = p(2)a(z), z€F

Theorem 2.148 (Multiplicative properties)

Let p,q € P(F), V a vector space and T € L(V). Then
L (pg)(T) = p(T)q(T)
2. p(T)a(T) =a(T)p(T)
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Theorem 2.149 (Operators on complex v.s. have an eigenvalue)

Let V be a vector space over C with dimV = n < co. Assume T € L(V). Then V
has an eigenvalue
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Definition 2.150 (Matrix of an operator)

Let T € £(V), where V is a finite-dimensional vector space, let vi,...,v, be a basis
of V. The of T with respect to the basis is the n X n matrix
ail -+ din
M(T) =
dnl - dnn

with entries aj, defined by

TVk = a1kV1 + - + ankVn

If basis is not clear from the context, write M( T, (v1,...,v,))
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Definition 2.151 (Diagonal of a matrix)

Let A= [a;] € M,(F) be a square matrix. The of A consists of the entries
aji, i:1,...,n

Definition 2.152 (Upper-triangular matrix)

Let A = [a;] € M,(F) be a square matrix. The matrix A is if all
entries below the diagonal are 0, i.e.,

aj =0, Vi,jsuchthati>j
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Theorem 2.153 (Conditions for an upper-triangular matrix)

Let V be a finite-dimensional vector space, T € L(V) and v1,...,v, a basis of V.
TFAE:
1. M(T) with respect to vi,...,Vv, is upper-triangular

2. Tvj espan(vy,...,vj), Vj=1,...,n
3. span(vy,...,Vj) invariant under T, ¥j=1,...,n

Theorem 2.154 (Every operator over C has an UT matrix)

Let V be a finite-dimensional vector space over C, T € L(V). Then T has an
upper-triangular matrix with respect to some basis of V
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Theorem 2.155 (Determination of invertibility from UT matrix)

Let V be finite-dimensional vector space. Assume that T € L(V) has an
upper-triangular matrix with respect to some basis of V. Then

T invertible < Vi=1,...,n, a;#0

Theorem 2.156 (Determination of eigenvalues from UT matrix)

Let V be finite-dimensional vector space. Assume that T € L(V) has an
upper-triangular matrix with respect to some basis of V. Then

A eigenvalue of T < X € {a;;, i=1,...,n}
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Eigenspaces and diagonal matrices



Definition 2.157 (Diagonal matrix)

Let A = [ajj] € M,(F) be a square matrix. A is a matrix if all entries of A
are zero except possibly on the diagonal, i.e.,

Vi j, i#j, aj=0.

Definition 2.158 (Eigenspace)

Let V be a vector space, T € L(V), A€ F. The E(N\,T)of T
corresponding to A is defined by

E(A\, T) = null(T — Al).

Thus X eigenvalue of T < E(A\, T) # {0y }.
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Let V be a finite-dimensional vector space, T € L(V). Assume \1,..., A\, are distinct
eigenvalues of T. Then
E(A, T)+---4+E(Am,T)

is a direct sum and

dimEA\, T) 4 -+ dim E(Am, T) < dim V/
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Definition 2.160 (Diagonalisable operator)

Let V be a vector space, T € L(V). T is if T has a diagonal matrix
with respect to some basis of V.

Theorem 2.161 (Conditions equivalent to diagonalisability)

Let V be a finite-dimensional vector space, T € L(V). Let A\1,...,\m be distinct
eigenvalues of T. TFAE:

1. T diagonalisable
2. V has a basis consisting of eigenvectors of T

3. Uy, ..., U, 1-dimensional subspaces of V' invariant under T s.t.
V=U& - -6 U,

4. V=EM\,T)® D ERAm,T)
5. dimV =dim E(A1, T) + -+ - + dim E(Am, T)
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Theorem 2.162 (Sufficient condition for diagonalisability)

Let V' be a vector space, T € L(V). If T has dim V distinct eigenvalues, then T
diagonalisable
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Inner product spaces

Inner products and norms

Orthonormal bases

Orthogonal complements & Minimisation problems
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Inner products and norms



Definition 2.163 (Inner product)

Let V be a vector space over F. An on V is a function
(-,-) : V x V — F having the following properties, Yu,v,w € V and VA € F,

vvyyVvyyvyy
/\/\/=\/\/\
+
<
g
|
B
g
+
<
g

Definition 2.164 (Inner product space)

An is a vector space V along with an inner product on V
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Theorem 2.165 (Basic properties of inner product)

Let V' be an inner product space over IF. Then
1. For each fixed u € V/, the function v — (v,u) is a linear map from V to F
YueV, 0y,u)=0
Yue V, (u,0y) =0
Yu,v,w € V, (u,v+w) = (u,v) + (u,w)
Yu,v € V and VA € F, (u, \v) = X(u,v)

OISl CORIND
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Definition 2.166 (Norm)

Let V be an inner product space over F. For v € V, the of v is defined by

]l = V{v,v)

Theorem 2.167 (Basic properties of the norm)

Let V be an inner product space, v € V. Then
L |v[=0<v=0
2. VA EF, v = Al Iv]
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Definition 2.168 (Orthogonality)

Let V be an inner product space over IF. Two vectors u,v € V are
(u,v) = 0. We sometimes denote u L v

Theorem 2.169 (0 and orthogonality)

Let V be an inner product space over IF. Then
1. Oy is orthogonal to every vector in V

2. 0y is the only vector in V that is orthogonal to itself

Theorem 2.170 (Pythagorean theorem)

Let V' be an inner product space, u,v € V s.t. u L v. Then

- v]|* = [lu® + fIv]?
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Theorem 2.171 (An orthogonal decomposition)

Let V' be an inner product space, u,v € V withv # 0. Let

c= <||uv\r2> (€F) andw =u— <Hu"7’r2>v (e V).

Then
(w,v) =0 and u = cv + w.

Theorem 2.172 (Cauchy-Schwarz inequality)

Let V be an inner product space, u,v € V. Then
[(u, v)| < [lul| [lv]

with [(u,v)| = |lu]| ||v|]| & u = kv for some 0 # k € F.
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Theorem 2.173 (Triangle inequality)

Let V' be an inner product space, u,v € V. Then
[Ju+ || < Jul] 4 [[v]|

with |lu+v|| = |lu]| + |lv|| & u = kv for some 0 < k € R.
Theorem 2.174 (Parallelogram equality)

Let V' be an inner product space, u,v € V. Then

[l w1 + [l — v]|* = 2 ([lu® + Iv]}?)
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Orthonormal bases



Definition 2.175 (Orthonormal list)

A list of vectors is if each vector in the list has norm 1 and is orthogonal
to all other vectors in the list, i.e., the list ey, ..., e, of vectors in the inner product

space V is orthonormal if
1 ifj=k
(ej,ex) = .
0 ifj#k

Theorem 2.176 (Norm of an orthonormal linear combination)

Let ey,...,en be an orthonormal list of vectors in an inner product space V. Then
2 2 2
a1 + - + amem||” = [a1]" + - + |am]

for all a1,...,am € F.
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Theorem 2.177 (Orthonormal lists are LI)

Letey,...,en be an orthonormal list of vectors in an inner product space V. Then
€1,...,en is linearly independent

Definition 2.178 (Orthonormal basis)

An of an inner product space V is an orthonormal list of vectors in
V' that is also a basis of V

Theorem 2.179 (Orthonormal list & orthonormal basis)

Let e1,...,en be an orthonormal list of vectors in an inner product space V. If
dimV = m, then ey, ..., e, orthonormal basis of V.
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Theorem 2.180 (Vector as LC of orthonormal basis)

Let ei,...,e, be an orthonormal basis of the inner product space V, v € V. Then
v={(v,er)e; + -+ (v,ep)e,

and
][> = [(v, e1)]* + - + [{v,en)[?
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Theorem 2.181 (Gram-Schmidt procedure)

Letvi,...,vy be a linearly independent list of vectors in an inner product space V. Let
Vi
e =
[Jva|

For j=2,...,m, define e; inductively by

Vj — <Vj,e1)e1 = 000 = <Vj,ej_1>8j_1
e =
lvj = (vj,er)er — -+ — (vj,ej_1)ej1
Then ey, ...,en is an orthonormal list of vectors in V' such that
span(vy,...,v;) =span(e,...,e;), j=1,....m
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Theorem 2.182 (Existence of orthonormal basis)

Let V be a finite-dimensional inner product space. Then V' has an orthonormal basis

Theorem 2.183 (Extending orthonormal list to basis)

Let V be a finite-dimensional inner product space. Then every orthonormal list of
vectors in V can be extended to an orthonormal basis of V
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Theorem 2.184 (UT matrix wrt orthonormal basis)

Let V be a finite-dimensional inner product space, T € L(V). If T has an
upper-triangular matrix with respect to some basis of V', then T has an
upper-triangular matrix with respect to some orthonormal basis of V

Theorem 2.185 (Schur's Theorem)

Suppose V is a finite-dimensional complex vector space, T € L(V). Then T has an
upper-triangular matrix with respect to some orthonormal basis of V
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Theorem 2.186 (Riesz representation Theorem)

Let V be a finite-dimensional inner product space, ¢ € L(V,F) a linear functional on
V. Then Ju € V unique s.t.

YWweV, )= (v,u).
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Orthogonal complements & Minimisation problems



Definition 2.187 (Orthogonal complement)

Let V be an inner product space, U C V. The orthogonal complement Ut of U is
the set

Ut={veV:vuel, (v,u)=0}
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Let U be a finite-dimensional subspace of V, inner product space. Then

V=U®U*

Let V be a finite-dimensional inner product space, U subspace of V. Then

dim U+ = dimV —dim U

Let U be a finite-dimensional subspace of the inner product space V. Then
1L
(vt) =v
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Definition 2.192 (Orthogonal projection Py)

Let V be an inner product space, U a finite-dimensional subspace of V. The
of V onto U is the operator Py € L£(V) defined by

Pyv = u,

where v € V is written v = u +w, with u € U and w € U+
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Property 2.193 (Properties of the orthogonal projection Py)

Let V' be an inner product space, U a finite-dimensional subspace of V, v € V. Then
1. Pye L(V)

Yu e U, Pyu=u

Yw e UL, Pyw =0y

rangePy = U

nullPy = U+

v— Pyv e Ut

25 = Ey

[[Puv]| < [v]

for every orthonormal basis ey, . ..,en of U,

2 9 55 en Ll e O8I

Pyv = (v,e1)e; + -+ (v,em)em.
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Theorem 2.194 (Minimising distance to a subspace)

Let V be an inner product space, U a finite-dimensional subspace of V,v e V, u e U.
Then

v = Pyv]| < |lv —ul
with equality if and only if u = Pyv
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Operators on inner product spaces

Self-adjoint and normal operators
Spectral theorems
Positive (semidefinite) operators & Isometries

Polar and Singular value decompositions
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Self-adjoint and normal operators



Definition 2.195 (Adjoint)

Let V, W be finite-dimensional inner product spaces over F, T € L(V, W). The
of T is the function T*: W — V such that

Wwe V.vwe W, (Tv,w)= (v, T*w)

Theorem 2.196 (Adjoint is a linear map)

Let V', W be finite-dimensional inner product spaces over ', T € L(V,W). Then

T e L(W,V)
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Theorem 2.198 (Null space and range of T*)
Let V, W be finite-dimensional inner product spaces over F, T € L(V,W). Then

1.

null T* = (rangeT)*

2. rangeT* = (null T)*
3.
4. rangeT = (null T*)+

null T = (range T*)*

Definition 2.199 (Conjugate transpose)

Let M € Mmn(F), M = [mj]. The of M, often denoted M*, is
the matrix

M* = [mj] € Mam

i.e, the matrix obtained by transposing M then taking the (complex) conjugate of each
entry
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Theorem 2.200 (Matrix of T*)

Let V, W be finite-dimensional inner product spaces over F, T € L(V,W). Let
ei,...,e, and fy,... f, be orthonormal bases of V and W, respectively. Then

M(T*, (f1,...,fm), (e1,...,€ep))

is the conjugate transpose of

M(T, (e1, 50 .,e,,), (fl, 000 ,fm))
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Definition 2.201 (Self-adjoint operator)

Let V be an inner product space over F, T € L(V). T is (or
if

T=T*
In other words, T € L(V) self-adjoint <=

YwoweV, (Tv,w)= (v, Tw)
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Theorem 2.202 (Eigenvalues of self-adjoint operators are real)

Let V be an inner product space over F, T € L(V). Then all eigenvalues of T are real

Theorem 2.203
Let V' be a complex inner product space, T € L(V). Then

(WeV, (Tww)=0 = T=0

Theorem 2.204
Let V' be a complex inner product space, T € L(V). Then

(T self-adjoint) < (vYve V, (Tv,v) € R)
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Theorem 2.205
Let V be an inner product space, T € L(V) self-adjoint. Then

(WweV, (Twyw)=0) = T=0

p. 131 - Self-adjoint and normal operators



Definition 2.206 (Normal operator)
Let V be an inner product space, T € L(V). T is if

TT =TT

In words, T is normal if it commutes with its adjoint

Theorem 2.207 (T normal < || Tv|| = || T*v|)
Let V' be an inner product space, T € L(V). Then

T normal < (YWweV, |Tv||=|T|)
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Theorem 2.208 (T normal and T* have same eigenvectors)

Let V' be an inner product space, T € L(V) a normal operator. Then

(\,v) eigenpair of T < (\,v) eigenpair of T*

Theorem 2.209 (Orthogonal eigenvectors for normal operators)

Let V' be an inner product space, T € L(V) a normal operator. If (A1,v1) and (A2, v2)
eigenpairs of T with \1 # Ao, then vy 1 v.
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Let V' be an inner product space, T € L(V) self-adjoint and b, c € R s.t. b*> < 4c.
Then T? + bT + cl invertible

Let V # {0} and T € L(V) be self-adjoint. Then T has an eigenvalue

Let V' be an inner product space, T € L(V) be self-adjoint and U be a subspace of V
invariant under T. Then

1. U* invariant under T
2. T|y € L(V) self-adjoint
3. T|yw € L(U) self-adjoint

p. 134 - Self-adjoint and normal operators



Spectral theorems



Theorem 2.213 (Complex spectral theorem)

Let V' be an inner product space over F = C, T € L(V). TFAE:
1. T normal
2. V has an orthonormal basis consisting of eigenvectors of T

3. T has a diagonal matrix with respect to some orthonormal basis of V

Theorem 2.214 (Real spectral theorem)

Let V' be an inner product space over F =R, T € L(V). TFAE:
1. T self-adjoint
2. V has an orthonormal basis consisting of eigenvectors of T

3. T has a diagonal matrix with respect to some orthonormal basis of V
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Positive (semidefinite) operators & Isometries



Definition 2.215 (Positive (semidefinite) operator)

Let V be an inner product space. An operator T € L(V) is
) if T is self-adjoint and

WweV, (Twvwv)>0

Definition 2.216 (Square root operator)

Let V be an inner product space. An operator R € L(V) is a
operator T € L(V) if

of an

R2=T
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Theorem 2.217 (Characterisation of positive operators)

Let T € L(V), where V is an inner product space. TFAE:
1. T positive semidefinite

T self-adjoint and all eigenvalues of T are nonnegative

T has a positive semidefinite square root

T has a self-adjoint square root

dRe L(V)st. T=RR

OIS CORIIND

Theorem 2.218 (Uniqueness of positive semidefinite square root)

Let T € L(V) be a positive semidefinite operator on an inner product space V. Then
T has a unique positive semidefinite square root
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Definition 2.219 (Isometry)
Let V be an inner product space. S € £(V) is an

eV, |Sv]=|v]

p. 138 — Positive (semidefinite) operators & Isometries



Theorem 2.220 (Characterisation of isometries)

Let V' be an inner product space, S € L(V). TFAE:
1. S isometry

2. Yu,v € V, (Su, Sv) = (u,v)

3. Vey,...,e, € V orthonormal list, Sey,...,Se, orthonormal

4. Jey,...,e, orthonormal basis of V s.t. Sey,...,Se, orthonormal
5. 55 =1

6. SS* =1

7. S* isometry

8. S invertible and S~1 = S§*
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Let V' be a complex inner product space, S € L(V). TFAE:
1. S isometry

2. 3 orthonormal basis of V' consisting of eigenvectors of S with corresponding
eigenvalues all having modulus 1

p. 140 — Positive (semidefinite) operators & Isometries



Polar and Singular value decompositions



Let T be a positive semidefinite operator, then denote /T the unique positive
semidefinite square root of T

Let V' be an inner product space, T € L(V). Then there exists an isometry S € L(V)

S.t.
T =8

p. 141 — Polar and Singular value decompositions



Definition 2.223 (Singular values)

Let V be an inner product space, T € L(V). The of T are the
eigenvalues of v/ T* T, with each eigenvalue A repeated dim E(\, v/ T*T) times. All
are nonnegative

Theorem 2.224 (Singular value decomposition — SVD)

Let V' be an inner product space. Assume T € L(V') has singular values si, ..., sp.
Then Je;,...,e, and f1, ..., f, orthonormal bases of V s.t.

NAAS V7 Tv= 51<Vae1>f1 +- 5n<Va en>fn

Theorem 2.225 (SV without square root)

Let V' be an inner product space. The singular values of T are the nonnegative square
roots of the eigenvalues of T* T, with each eigenvalue )\ repeated dim E(\, T*T) times
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Operators on complex vector spaces

Generalised eigenvectors & Nilpotent operators
Decomposition of an operator
Characteristic and minimal polynomials

Jordan form
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Generalised eigenvectors & Nilpotent operators



Theorem 2.226 (Sequence of increasing null spaces)

Let V be a finite-dimensional vector space over F, T € L(V). Then

{0} =nullT CnullT* c--- Cnull TF Cnull TF L -

Theorem 2.227 (Equality in sequence of null spaces)

Let V be a finite-dimensional vector space over F, T € L(V). Assume m € N\ {0} is
S.t.

null T™ = null T+

Then
VkeN, nullT™k = nullT™
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Theorem 2.228 (Null spaces stop growing)

Let V be a finite-dimensional vector space over F with dimV =n, T € L(V). Then

Vk e N, nullT"T* = nullT"

Theorem 2.229 (V = null TdmV o Ifangerim V)

Let V be a finite-dimensional vector space over F with dimV =n, T € L(V). Then

V =nullT" ® rangeT"
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Definition 2.230 (Generalised eigenvector)

Let V be a finite-dimensional vector space over F, T € L(V), A € F an eigenvalue of
T.veVisa of T corresponding to A if v # 0 and

e N\ {0}, (T—-XY)yv=0y

Definition 2.231 (Generalised eigenspace)

Let T € £L(V)and A€ F. The G(A\, T) of T corresponding
to A is the set of all generalised eigenvectors of T corresponding to A together with
the 0y vector
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Theorem 2.232 (Description of generalised eigenspaces)

Let T € L(V) and A € F. Then

G\, T) = null(T — Ap)dimV

Theorem 2.233 (LI generalised eigenvectors)

Let T € L(V). Assume A1, ..., Ay, are distinct eigenvalues of T, vi,...,vp
corresponding generalised eigenvectors. Then vy, ...,v,, linearly independent.
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Definition 2.234 (Nilpotent operator)
An operator is if IkeNst. Tk=0

Theorem 2.235 (A loose upper bound on power required)

Let N € L(V) be nilpotent. Then

NdimV -0

Theorem 2.236 (Matrix of a nilpotent operator)

Let N € L(V) be nilpotent. Then there exists a basis of V' with respect to which
M(N) is , e,

M(N) = [mjj] is s.t. mj =04if i >
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Decomposition of an operator



Theorem 2.237 ( & range of p(T) invariant under T)
Let T € L(V) and p € P(F). Then p(T) and range p(T) invariant under T

Theorem 2.238 (Description of operators when IF = C)

Suppose V' complex vector space, T € L(V). Assume A1, ..., A\m be the distinct
eigenvalues of T. Then

LV=GA,T)® - &®GAm,T)
2. each G(\j, T) invariant under T
3.Vj=1,....,m, (T — )‘J/)’G(Aj 7y Nilpotent

Theorem 2.239 (Basis of generalised eigenvectors)

Let V' be a complex vector space and T € L(V). Then there exists a basis of V
consisting of generalised eigenvectors of T
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Definition 2.240 (Multiplicity of an eigenvalue)

Let T € L(V). The ( ) of an eigenvalue X of T is
> dim G(\, T)
> dim (T — \/))dmV

Theorem 2.241 (> multiplicities = dim V)

Let V be a complex vector space, T € L(V). Let \1,...,\, be distinct eigenvalues of
T with multiplicities di,...,d,. Then

z”: dx =dimV
k=1
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Definition 2.242 (Block diagonal matrix)

Let Ay,..., Ay be square matrices (not necessarily of the same size). A
is a matrix of the form
A1 0
Az
A=
0 Am

We also write
A = diag(A1,...,Am)

You will also see (not in this book)

A=A DA
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Theorem 2.243 (Block diagonal matrix with UT blocks)

Let V be a complex vector space, T € L(V). Let \1,...,A\m be the distinct
eigenvalues of T with multiplicities d1, ..., dy,. Then there exists a basis of V s.t. T
has a block diagonal matrix

diag(A1,...,Am)

with each A; a d; x d; upper-triangular matrix of the form
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Let N € L(V) be nilpotent. Then | + N has a square root

Let V be a complex vector space, T € L(V) invertible. Then T has a square root

p. 153 — Decomposition of an operator



Characteristic and minimal polynomials



Definition 2.246 (Characteristic polynomial)

Let V be a complex vector space, T € L(V), A1,..., Am the distinct eigenvalues of T
with multiplicities di,...,dn. The of T is

(z=A)% (2= Ap)m

Theorem 2.247 (Degree and zeros of char. polyn.)

V' a complex vector space, T € L(V). Then
1. the characteristic polynomial of T has degree dim V

2. zeros of the characteristic polynomial of T are the eigenvalues of T

Theorem 2.248 (Cayley-Hamilton)

Let V be a complex vector space, T € L(V). Let q be the characteristic polynomial of
T. Then q(T)=0

p. 154 — Characteristic and minimal polynomials



Definition 2.249 (Monic polynomial)

A is a polynomial with highest degree coefficient equal to 1

Theorem 2.250 (Minimal polynomial)

Let T € L(V). Then there exists a unique monic polynomial p of smallest degree s.t.
p(T)=0

Definition 2.251 (Minimal polynomial)

Let T € L(V). The of T is the unique monic polynomial p of
smallest degree s.t. p(T) =0

Theorem 2.252

Let T € L(V) and q € P(F). Then q(T) = 0 < q polynomial multiple of the minimal
polynomial of T
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Assume V vector space over F = C, T € L(V). Then the characteristic polynomial of
T is a polynomial multiple of the minimal polynomial of T

Let T € L(V). Then the zeros of the minimal polynomial of T are precisely the
eigenvalues of T
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Jordan form



Let N € L(V) be nilpotent. Then 3vy,...,v, € V and my,...,m, € N s.t.
1. N™wy, ..o, Ny vy, Ny oo Ny, vy, is a basis of V
2. NMmtly, = ... = Nmatly =0
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Definition 2.256 (Jordan basis)

Let T € L(V). A for T is a basis of V s.t. with respect to this basis, T
has a block diagonal matrix
diag(A1,...,Ap)

where each A; is an upper-triangular matrix of the form

A1 0
A = 1
0 Aj

Theorem 2.257 (Jordan form)

Let V' be a complex vector space. If T € L(V), then 3 a Jordan basis for T
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An algorithm for finding the Jordan form

An algorithm to compute the Jordan canonical form of an n x n matrix A [MM82].

1. Compute the eigenvalues of A. Let A1,..., A\, be the distinct eigenvalues of A
with multiplicities ny, ..., ny,, respectively.
2. Compute np linearly independent generalized eigenvectors of A associated with A;

as follows. Compute '
(A= \Ep)

for i = 1,2, ... until the rank of (A — A\{E,)¥ is equal to the rank of

(A— ALE,)) L. Find a generalized eigenvector of rank k, say u. Define
ui=(A—ME,) " u, fori=1,..., k. If k= np, proceed to step 3. If k < ny,
find another linearly independent generalized eigenvector with rank k. If this is
not possible, try k — 1, and so forth, until ny linearly independent generalized
eigenvectors are determined. Note that if p(A — A1 E,) = r, then there are totally
(n — r) chains of generalized eigenvectors associated with Ap.

3. Repeat step 2 for Ap,..., Am.

p. 159 — Jordan form



1. Let uq,..., Uk, ... be the new basis. Observe that Thus in the new basis, A has
the desired representation

2. The similarity transformation which yields J = Q lAQ is given by
Q: [ul,...,uk,...].
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