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Setting things up

| will use notation (mostly) as in Joliffe’s Principal Component Analysis (PDF of
older version available for free from UofM Libraries)

X = (xy,...,Xp) vector of p random variables
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We seek a linear function a1Tx with maximum variance, where
o = (0411 yonn ,Oé1p), i.e.,

p

Ty — X

af X =) X
=

Then we seek a linear function o] x with maximum variance, uncorrelated to o] x
And we continue...

At kth stage, we find a linear function ] x with maximum variance, uncorrelated
T

toalx,...,a] x
o] x is the ith principal component (PC)
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Case of known covariance matrix

Suppose we know X, covariance matrix of x (i.e., typically: we know x)

Then the kth PC is

Zk=alx

where « is an eigenvector of ¥ corresponding to the kth largest eigenvalue A\«

If, additionally, ||ak|| = afa = 1, then A\, = Var z
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Why is that?

Let us start with
alx

We want maximum variance, where ay = (a1, ..., aqp), i.€.,

p

Tx — X

alx =7 ayx
=

with the constraint that ||a4|| = 1

We have
Var a1TX = a1TZa1
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Objective

We want to maximise Var o x, i.e.,

under the constraint that ||a|| = 1

=— use Lagrange multipliers
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Maximisation using Lagrange multipliers

(A.k.a. super-brief intro to multivariable calculus)

We want the max of f(x4, ..., xp) under the constraint g(x1,...,xn) = k
1. Solve

VIi(X1,...,Xn) = AVG(X1,..., Xn)

9(X1,....,Xxn) =Kk
where V = (%, . 8%) is the gradient operator
2. Plug all solutions into f(x1, ..., Xs) and find maximum values (provided values
exist and Vg # 0 there)

A is the Lagrange multiplier
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The gradient

(Continuing our super-brief intro to multivariable calculus)

f: R" — R function of several variables, V = (%, e 8%) the gradient operator

0 0
f=s—1f....,—f
v <8X‘| ’ ’aXn >

So VT is a vector-valued function, Vf : R” — R"; also written as

Then

Vi = fX1(X17"'7Xn)e1 +"'an(X17"'7Xn)en

where f,, is the partial derivative of f with respect to x; and {e, ..., e,} is the
standard basis of R”
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Bear with me..

(You may experience a brief period of discomfort)
alTay and |2 = af a4 are functions of ay = (as1, ..., a1p)
In the notation of the previous slide, we want the max of
flage,...,aqp) = a1TZa1
under the constraint that
g(a11,...,a1p) = a1Ta1 =1
and with gradient operator

0 0
v_<8aﬁ,...,aa1p)
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Effect of Von g

g is easiest to see:

Q11
0 0
Vg(ait,...,a1p) = (80411""’6041,9) (11, .., 1p)
(0 o\ (2 )
= <8a11,...,8a1p) <a11 + +O[1p>
= (2@11,...,2a1p)
:201

(And that's a general result: V|| x||3 = 2x with || - |2 the Euclidean norm)
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Effectof Von f

Expand (write ¥ = [s;] and do not exploit symmetry)

S11 S12 -+ S1p Q11
So1 So2 -+ Sp Q12
T P
aiTaq = (aq1,...,00p) | ) ; :
Spt Sp2 Spp/ \%1p
S11Q11 + S12012 + - -+ + S1pQip
So1011 + Spprq2 + - - + Sppiip
:(05117---7041p) .

Sp1Q11 + Sppavq2 + - -+ + Sppiip
= (S11a11 + S12a12 + -+ + S1pa1p)ai
+ (S21011 + Sppavq2 + -+ + Sppavip)ar2

+ (Sprat1 + Spaaviz + - -+ + Spparip)vip
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We have

7
oy Zay = (S1101 + S12012 + -+ - + S1prp) iy
+ (S210011 + Sp2cvi2 + -+ - + Sppavip) a2

+ (Sp1a11 + Sppx12 + -+ + sppa1p)a1p

o 1
= WHOH Yaq = (S11a11 + St2aq2 + -+ + S1pp) + S11a11

+ 82112 + -+ + Spraqp
= S110111 + S12Q12 + + - - + S1pQ1p

+ S11Q11 + Sa1q2 + -+ - + Spravyp
= 2(s11a11 + S12012 + -+ + S1patp)

(last equality stems from symmetry of ¥)
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In general, fori=1,...,p,

.
daq; Yoy = Sjrar + Spaqz + -+ Spavp
I

T Sitaq1 + Sgj12 + - + Spiip
= 2(Sj1a11 + Sipavg2 + -+ + SpQrip)

(because of symmetry of ¥)

As a consequence,
VhoZoq =2Y oy

p. 12 — Back to PCA



So solving
Vi(x1,...,Xn) = AVa(Xq,...,Xn)

means solving
220’,1 = /\20(1

i.e.,
2011 = )\061

= (A, 1) eigenpair of X, with a4 having unit length
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Picking the right eigenvalue
(A, aq) eigenpair of ¥, with ey having unit length
But which X to choose?
Recall that we want Var a] x = o] Loy maximal

We have

Var ol x = ol Yoy = ol (Zay) = al (M) = Mad ay) = A

= we pick A\ = \q, the largest eigenvalue (covariance matrix symmetric so
eigenvalues real)
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What we have this far..

The first principal component is o] x and has variance )1, where \; the largest
eigenvalue of ¥ and a4 an associated eigenvector with ||a| = 1

We want the second principal component to be uncorrelated with a1T X and to have
maximum variance Var o] x = aJ Zap, under the constraint that ||ae || = 1

aJ x uncorrelated to a] x if cov(a] x,alx) =0
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We have

cov(alx,alx) = alTay
= o)y oy
= alYaq [T symmetric|
= af(May)

= )\agoq

So aJ x uncorrelated to ] x if iy L cp

This is beginning to sound a lot like Gram-Schmidt, no?
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In short

Take whatever covariance matrix is available to you (known ¥ or sample Sx) —
assume sample from now on for simplicity

Fori=1,...,p, the ith principal component is

zi=vx

where v; eigenvector of Sy associated to the ith largest eigenvalue );

If v; is normalised, then \; = Var z
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Covariance matrix
Y the covariance matrix of the random variable, Sx the sample covariance matrix

X € Mpmp the data, then the (sample) covariance matrix Sy takes the form

1

XX
n—1

Sx =

where the data is centred!

Sometimes you will see Sx = 1/(n— 1)XX'. This is for matrices with
observations in columns and variables in rows. Just remember that you want the
covariance matrix to have size the number of variables, not observations, this will
give you the order in which to take the product
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Covariance
The function cov returns the covariance of two samples

Note that the functions deals equally well with data that is not centred as with data
that is centred

cov(data$height, data$weight)
## [1] 25.98646
cov(data$height.c, data$weight.c)

## [1] 25.98646
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Covariance matrix

As we could see from plotting the data, there is a positive linear relationship
between the two variables

Let us compute the sample covariance matrix

X = as.matrix(datal[,c("height.c", "weight.c")])

S = 1/(dim(X) [1]-1)*t (X) %*% X
S
#i#t height.c weight.c

## height.c 28.98592 25.98646
## weight.c 25.98646 48.49557
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Covariance matrix

The off-diagonal entries do match the computed covariance. Let us check that the
variances are indeed a match too.

var (X[,1])
## [1] 28.98592
var (X[,2])

## [1] 48.49557

Hey, that works. Is math not cool? ;)
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Principal components
Now compute the principal components. We need eigenvalues and eigenvectors

ev = eigen(S)
ev

## eigen() decomposition

## $values

## [1] 66.49777 10.98372

##

## $vectors

#i# [,1] [,2]

## [1,] 0.5694576 -0.8220207
## [2,] 0.8220207 0.5694576

(eigen returns eigenvalues sorted in decreasing order and normalised
eigenvectors)
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First principal component
Let us plot this first eigenvector (well, the line carrying this first eigenvector)

To use the function abline, we need to give the coefficients of the line in the form
of (intercept,slope). Intercept is easy, as the line goes through the origin (by
construction and because we have centred the data). The slope is also quite
simple..

plot(data$height.c, data$weight.c,
pch = 19, col = "dodgerblue4",
main = "IIHF players 2001-2016 (with first component)",
xlab = "Height (cm)", ylab = "Weight (kg)")
abline(a = 0, b = ev$vectors[2,1]/ev$vectors[l,1],
col = "red", 1lwd = 3)
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Rotating the data
Let us rotate the data so that the red line becomes the x-axis

To do that, we use a rotation matrix
cosf) —sinf
Ry = <sin9 cos f )

To find the angle 6, recall that tan 6 is equal to opposite length over adjacent

length, i.e.,

cang — evivectors|2, 1]

evdvectors|1, 1]

So we just use the arctan of this

Note that angles are in radians

p. 25 — Hockey players



Rotating the data

theta = atan(ev$vectors[2,1]/ev$vectors[l,1])
theta

## [1] 0.9649505

R_theta = matrix(c(cos(theta), -sin(theta),
sin(theta), cos(theta)),
nr = 2, byrow = TRUE)
R_theta
#it [,1] [,2]

## [1,] 0.5694576 -0.8220207
## [2,] 0.8220207 0.5694576
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Rotating the data
And now we rotate the points

(In this case, we think of the points as vectors, of course)

tmp_in = matrix(c(data$weight.c, data$height.c),
nc = 2)
tmp_out = c()
for (i in 1:dim(tmp_in) [1]) {
tmp_out = rbind(tmp_out,
t(R_theta %*% tmp_in[i,]))
}
data$weight.c_r = tmp_out[,1]
data$height.c_r = tmp_out[,2]
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y—axis

IIHF players 2001-2016 (rotated to first component)




Principal components
Note that the axes have changed quite a lot, hence the very different aspect

Let us plot with the same range as for the non-rotated data for the y-axis

plot(data$height.c_r, data$weight.c_r,
pch = 19, col = "dodgerblue4",
xlab = "x-axis", ylab = "y-axis",
main = "IIHF players 2001-2016 (rotated to first component)",
ylim = range(data$weight.c))
abline(h = 0, col = "red", lwd = 2)
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First and second principal components

Plot the first and second eigenvectors

plot(data$height.c, data$weight.c,
pch = 19, col = "dodgerblue4",
main = "IIHF players 2001-2016 (with first and second components)",
xlab = "Height (cm)", ylab = "Weight (kg)")

0, b = ev@vectors[2,1]/ev$vectors[1,1],

"red", lwd = 3)

, b = ev$vectors[2,2]/ev$vectors[1,2],

"darkgreen", lwd = 3)

abline(a
col
abline(a =
col

o
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Proper change of basis

Let us change the basis so that, in the new basis, the first component is the x-axis
and the second component is the y-axis

We want to use Theorem ??
We need the coordinates of the new basis in the canonical basis of R?

Since both axes go through the origin, we can just use y = ax, with a the slope of
the lines and, say, x =1, i.e,, (x,y) =(1,a)

We then normalise the resulting vectors
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Proper change of basis

red_line c(1, ev$vectors[2,1]/ev$vectors([1,1])
red_line = red_line/sqrt(sum(red_line~2))
green_line = c(1, ev$vectors[2,2]/ev$vectors[1,2])
green_line = green_line/sqrt(sum(green_line~2))
augmented_M = cbind(red_line,green_line, diag(2))
P = rref(augmented_M) [,3:4]

tmp_in = matrix(c(data$weight.c, data$height.c), nc = 2)
tmp_out = c()
for (i in 1:dim(tmp_in) [1]) {
tmp_out = rbind(tmp_out, t(P %*% tmp_in[i,]))
}
data$weight.c_r2 = tmp_out[,1]
data$height.c_r2 = tmp_out[,2]
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PCA using built-in functions

Now do things “properly”

GS = pracma::gramSchmidt(A = ev$vectors, tol = le-10)
GS

## $Q

#it [,1] [,2]
## [1,] 0.5694576 -0.8220207
## [2,] 0.8220207 0.5694576
#it

## $R

#i [,11 [,2]

## [1,] 1 0

## [2,] 0 1
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PCA using built-in functions

Now recall we saw a theorem that told us how to construct a new basis..

A=matrix(c(GS$Q,1,0,0,1), nr = 2)
A

#it [,1] [,21 [,3] [,4]
## [1,] 0.5694576 -0.8220207 1 0
## [2,] 0.8220207 0.5694576 0 1

pracma: :rref (A)

#it [,1]1 [,2] [,3] [,4]
## [1,] 1 0 0.5694576 0.8220207
## [2,] 0 1 -0.8220207 0.5694576

p. 37 — Hockey players



PCA using built-in functions

P = pracma::rref(A)[,c(3,4)]

#it [,1] [,2]
## [1,] 0.5694576 0.8220207
## [2,] -0.8220207 0.5694576

X.new = X %x% t(P)
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