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I In these slides, I consider foot-and-mouth disease (FMD) in
livestock

I FMD was also called hoof-and-mouth disease (HMD) in the
UK, although FMD tends to be used globally now

I I only consider single population aspects here, spatial spread is
a later lecture

I Most models are “spatial in some sense”, so only three models
reviewed here

p. 1 –



FMD characteristics
Brief overview
Symptoms
More about transmission
Virus types are spatially located
Other reviews worth taking a look at

A few models

Conclusion



FMD characteristics
Brief overview
Symptoms
More about transmission
Virus types are spatially located
Other reviews worth taking a look at

A few models

Conclusion



Foot-and-mouth disease

I Severe, highly communicable viral
disease of cattle and swine

I Also affects sheep, goats, deer and
other cloven-hoofed ruminants. Horses
not affected

I Elephants, hedgehogs and some
rodents also susceptible but do not
develop clinical signs of the disease
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I Fever and blister-like sores on the
tongue and lips, in the mouth, on the
teats and between the hooves

I Many affected animals recover, but
the disease leaves them weakened and
debilitated
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2001 United Kingdom HMD outbreak

I 2,000 cases of the disease in farms across most of the British
countryside

I Over 6 million cows and sheep were killed to control the
disease

I Ministry of Agriculture, Fisheries and Food (MAFF) adopted
a policy of “contiguous cull” - all sheep within 3,000 metres
of known cases slaughtered
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Most work on the 2001 UK epidemic is “spatial”

We come back to this in the lecture about spatial aspects
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The model – Setup

I S(t) number of animals on single species farm

I n(t, j) number of infected animals on farm at time t infected
at time j before t

Infectious load of farm at time t

P(t) =
t∑

j=0

φ(j)n(t, j) (1)

where φ(j) relative infectiousness of animal with infection age j
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Initial condition

n(0, 0) = I0

n(0, j) = 0, j > 0

S(0) = N − I0
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The model

S(t) = S(t − 1) max

(
1− βP(t)

N
, 0

)
, t > 0 (2a)

n(t, j) = n(t − 1, j − 1), t > 0, j > 0 (2b)

with boundary condition

n(t, 0) = S(t)− S(t − 1), t > 0 (2c)
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Infectious profile

φ(j) = θ2je−θj (3)

In case of two species farm, two cases

I θ−1 = 4 days for cattle and θ−1 = 5 days for sheep (TS1)

I θ−1 = 3 days for cattle and θ−1 = 4 days for sheep (TS2)
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Model for two species

Infectious weight of mixed farm

F (t) = RIPC (t) + PS(t) (4)

where RI is infectiousness of cattle relative to sheep

If mixing is asssortative between species(
FC (t)
FS(t)

)
=

(
1 ρ
ρ 1

)(
PC (t)
PS(t)

)
(5)

(mixing homogeneous when ρ = 1)
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Infection times are unknown

Infection times are unknown and some infections may be hidden,
so define the cumulative infectiousness by day t post infection for
each species

YX (t) =
t∑

j=1

PX (j), X = {S ,C}

Hazard for surviving detection on day t

h(t) = 1− exp

(
−YC (t)

αCNC
− YS(t)

αSNS

)
where αX detection threshold parameter (quantifies when
saturation of detection hazard occurs)
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They also look at a hybrid-farm model (HFM) and a between-farm
model (BFM), additionally to this within-farm model (WFM)
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State variables

I S susceptible

I H vaccinated

I E exposed

I I infected

I C carrier

I R recovered

N(t) = S(t) + H(t) + E (t) + I (t) + C (t) + R(t)
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Results

Rc =
βγ(1− κ)(α + µ+ (1− ε)φ)

(µ+ γ)(µ+ σ)(µ+ α + φ)
(6)

Theorem 1

When Rc ≤ 1, the FMD-free EP is GAS in

Ω = {S ≤ S0,H ≤ H0,N = 1}

When Rc > 1, ∃ unique EE EP that is LAS when Rc close to 1
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Periodic case

Then consider

β(t) = β0

[
1 + a sin

(
2π

365
t + ϕ

)]
Compute R0 using the method for periodic systems (Bacaer,
Wang & Zhao, Thieme)
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Theorem 2

If R0 < 1, the FMD-free EP is GAS in Ω. If R0 > 1, then
solutions to the system are uniformly persistent and the system
admits at least one positive periodic solution
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